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1. Introduction 

So many scholars have studied and revealed that delay differential equations can be applied in every real life situations such as engineering, 

physics, medicine and economics which proved more realistic as demonstrated by Tziperman et al., Ballen et al.
[1,2]

 In accordance with reality, 

ignoring delays in real life situations means ignoring reality because the solution of delay differential equations takes into consideration the 

current state and the history part of the system being modeled.  

One of the setbacks experienced by these researchers in the use of interpolation techniques to calculate the delay term of DDEs which was 

studied by Majid Z.A. et al.,
[3]

 that the computational method use in solving DDEs should be the same with the interpolating polynomials which 

is very hard to achieve; otherwise, the accuracy of the method will not be preserved. Therefore, it is required that in the evaluation of the 

delay term, using an accurate and efficient formula shall be considered. 

In order to overcome the limitation posed by using interpolation techniques in checking the delay term, we shall apply the valid expression 

of the sequence formulated by Sirisena et al.,
[4]

 and incorporate it into the first order delay differential equations before its evaluation. This 

approach has been successfully applied by Osu B.O. & Chibusi C. et al.,
[5,6]

 in finding the numerical solution of first order delay differential 

equations.  

In this paper, we shall formulate and apply extended third derivative block backward differentiation formulae to solve some first order 

delay differential equations (DDEs) as developed by Bellman R. et al.,
[7]

      

 

  ( )   (   ( )  (   )), for           

 

 ( )   ( ), for                                                                                                                                                                                                                      (1)                

 

where  ( )is the initial function,   is called the delay,     is called the delay argument and  (   ) is the solution of the delay term. The 

results obtained after the application of the proposed method shall be compared to other existing methods studied by
[5,6]

 to prove its 

advantage. 
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2. Construction Approach  

2.1. Construction of Extended Third Derivative Backward Differentiation Formulae Method 

Osu et al.,
[5]

 applied a basis function to develop the continuous third derivative backward differentiation formula through the k-step 

generalized Backward Differentiation Formulae Methods formulated by
[2]

 which can be expressed as 

 

     ∑   ( )    
 
       ( ) (    (  ))      ( ) (    (  ))      ( ) (    (  ))                                                                             (2) 

           

Then from (3), the continuous extended third derivative backward differentiation formula is obtain as, 

 

     ∑   ( )    
 
       ( ) (    (  ))      ( ) (    (  ))      ( ) (    (  ))      ( ) (    (  ))                               (3) 
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are continuous coefficients of the method defined as   

 

  ( )  ∑        
      

     for a={0,1,…,j-1}                                                                                                                                                                               (4) 

 

   ( )  ∑         
      

      for a={0,1,…,z-1}                                                                                                                                                                         (5) 

 

    ( )  ∑          
      

     for a={0,1,…,z-1}                                                                                                                                                                      (6) 

 

    ( )  ∑          
      

     for a={0,1,…,z-1}                                                                                                                                                                      (7) 

 

    ( )  ∑          
      

     for a={0,1,…,z-1}                                                                                                                                                                     (8) 

 

Where            are the   collocation points,     , a={0,1,2,…,j-1} are the  
 
arbitrarily chosen interpolation points,   is the constant step 

size and   is the step number of the proposed method. By matrix transposition procedure applied by Osu et al.,
[5]

 the discrete schemes of the 

proposed method for step numbers k = 2, 3 and 4 were formulated through its continuous derivations with the help of linear multistep 

collocation approach by matrix inversion process. 
 

2.2. Construction of Extended Third Derivative Block Backward Differentiation Formulae Method for k = 2 

For this case,    
 
and    . Hence, (3) takes the form 

 

 ( )    ( )     ( )        ( )         ( )         ( )         ( )                                                                                      (9) 

      

By simplifying and evaluating the inverse of the matrix equation formed by Osu et al.
[5]

 

At                  
and its derivatives at         using Maple 18, the following discrete schemes were obtained 
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2.3. Construction of Extended Third Derivative Block Backward Differentiation Formulae Method for k = 3 

Let    
 
and    . Hence, (3) takes the form  

 

 ( )    ( )     ( )       ( )        ( )         ( )         ( )         ( )                                                           (11)    
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Simplifying and evaluating the inverse of the matrix equation formed by [5] at                 
and its derivative at         

and   

      
using Maple 18, we obtained 
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2.4. Construction of Extended Third Derivative Block Backward Differentiation Formulae Method for k = 4 

With the same procedure, let    
 
 and    . Hence, (3) takes the form  

 

 ( )    ( )     ( )       ( )       ( )        ( )         ( )         ( )         ( )                                   (13)  

 

Simplifying and evaluating the inverse of the matrix equation formed by [5] at                 and its derivative at                 
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using Maple 18, the following discrete schemes are obtained  

 

      
      

       
       

     

       
       

       

       
       

       

        
      

        

        
      

      

       
   

       

       
     

       

       
      

 

      
      

       
       

     

       
       

      

       
       

       

       
      

       

       
      

     

       
   

      

       
     

       

       
      

 

      
       

        
       

     

        
       

        

        
       

        

        
      

        

        
      

      

        
   

       

        
     

        

        
      

 

      
    

       
   

     

       
     

      

       
     

       

       
     

       

       
      

       

       
       

      

       
       

    

       
        

 

     
     

       
   

     

       
     

      

       
     

       

       
     

       

       
      

     

       
       

       

       
       

     

       
                                (14)

  

3. Convergence analysis 

In this section, the order, error constant, consistency, zero stability and region of the absolute stability of (10), (12) and (14) are analyzed. 

 

3.1. Order and Error Constant 

The ETDBBDFM (3) is said to be of order   if             and the first non-zero coefficient       
 
is the error constant as developed 

by Lambert J. D. 1973.
[8]

  The order and error constant for (10) are obtained as follows 
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With the same approach, (12) can be presented as 
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Applying the same approach, (14) can be obtained as  
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Therefore, (14) has order      and error 

constants ( 
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.  
 

3.2. Consistency 

Since     in (10), (12) and (14) satisfying the condition for consistency of order     as stated by Lambert J. D. 1973,
[8]

 then the discrete 

schemes are said to be consistent. 
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3.3. Zero Stability 

The discrete schemes (10), (12) and (14) are said to be zero stable if the no root of the first characteristic polynomial is greater than 1.  

The zero stability for (10) is analyzed as follows 
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The first characteristic polynomial is presented as 
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Using Maple (18) software, 
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Applying the same procedure for (14)  
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3.4. Convergence 

Since (10), (12) and (14) are both consistent and zero stable as shown in section 3.3 which satisfied the necessary and sufficient condition for 

convergence of a numerical method, therefore the proposed method is convergent. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                            
         Fig. 1. Region of 𝐿- stability (ETDBBDFM) in (10)                                                                               Fig. 2. Region of 𝐿- stability (ETDBBDFM) in (12) 
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Fig. 3. Region of 𝐿- stability (ETDBBDFM) in (14) 

 
Fig. 4. Region of 𝐸- stability (ETDBBDFM) in (10) 

 

 
Fig. 5. Region of 𝐸- stability (ETDBBDFM) in (12) 

 

 
Fig. 6. Region of 𝐸-stability (ETDBBDFM) in (14) 

 

Table 1. Comparison between the Maximum Absolute Errors of ETDBBDFM 𝑘      𝑎𝑛𝑑   and [5, 6] for constant step size h = 0.01 Using Problem 1.  

COMPUTATIONAL METHOD COMPARED MAXEs WITH [5, 6] 

ETDBBDFM MAXE for k = 2 0.695891007 
ETDBBDFM MAXE for k = 3 0.695947314 
ETDBBDFM MAXE for k = 4 0.695956686 
TDBBDFM MAXE for k = 2 3.44E-03 
TDBBDFM MAXE for k = 3 6.32E-03 
TDBBDFM MAXE for k = 4 9.64E-03 
ESDBBDFM MAXE for k = 2 5.04E-02 
ESDBBDFM MAXE for k = 3 6.69E-02 
ESDBBDFM MAXE for k = 4 7.09E-02 

CPU time of ETDBBDFM for k = 2 is 0.421s, k = 3 is 0.305s and k = 4 is 0.210s 

 

Table 2. Comparison between the Maximum Absolute Errors of ETDBBDFM  𝑘      𝑎𝑛𝑑   and [5, 6] for constant step size h = 0.01 Using Problem 2.  

COMPUTATIONAL METHOD COMPARED MAXEs WITH [5, 6] 

ETDBBDFM MAXE for k = 2 0.840003646 
ETDBBDFM MAXE for k = 3 0.846344125 
ETDBBDFM MAXE for k = 4 0.852348729 
TDBBDFM MAXE for k = 2 3.44E-03 
TDBBDFM MAXE for k = 3 6.29E-03 
TDBBDFM MAXE for k = 4 9.64E-03 
ESDBBDFM MAXE for k = 2 2.08E-03 
ESDBBDFM MAXE for k = 3 1.91E-03 
ESDBBDFM MAXE for k = 4 3.43E-03 

CPU time of ETDBBDFM for k = 2 is 0.422s, k = 3 is 0.311s and k = 4 is 0.236s 
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3.5. Region of Absolute Stability 

 The regions of absolute stability of the numerical methods for DDEs are investigated. We arrived at the  - and  - stability by integrating (10), 

(12) and (14) to the DDEs of this form 

 

  ( )    ( )    (   )              

                                                                                              

 ( )   ( )                                                                                                                                                                                                                            (18) 

 

where  ( )is the initial function,     are complex coefficients,          ,   is the step size and    
 

 
  

 

is a positive integer. Let      
 

and      , then the  - and  - stability of (10), (12) and (14) are investigated, plotted and presented in figure 1 to 6 below using of Maple 18 

and MATLAB. 

The  - stability regions in Figs 1 to 3 lie inside the open-ended region while the  - stability regions in Figs 4 to 6 lie inside the enclosed region. 

 

4. Application of the Method 

In this section, some first-order delay differential equations shall be solved using (10), (12) and (14) of the discrete schemes been developed. 

The delay term shall be evaluated by implementing the expression of sequence formed by [4] and the time it took the Central Processing Unit 

(CPUT) to produce the approximate solutions of each step number of the proposed method shall be taken into consideration. 

 

4.1. Numerical Results 

Problem 1 

  ( )        ( )         (   )  (           )          

 ( )             

Exact solution:  ( )         
 

 

Problem 2 

  ( )    (       )     (       )     ( )        

 ( )     ( )      

Exact Solution:  ( )     ( )  

  

The notations used in the table are stated as below: 

ETDBBDFM = Extended Third Derivative Block Backward Differentiation Formulae Method for step numbers            . 

TDBBDFM = Third Derivative Block Backward Differentiation Formulae Method for step numbers            .
[5]

 

ESDBBDFM = Extended Second Derivative Block Backward Differentiation Formulae Method for step numbers            .
[6]

 

MAXE = Maximum Error.   

 

These two examples were solved using the discrete schemes in (10), (12) and (14), and the maximum error of the results obtained were 

compared with other existing methods to ascertain it advantage as shown below 

                                               

5. Conclusion 

After proven that the proposed method is convergent, L- and E- stable, the results obtained and analyzed from the application of the proposed 

method in solving some first order DDE revealed that the ETDBBDFM for     performed better and faster than the step numbers     and 

    respectively. Also, the comparison of the proposed method with other existing methods showed that ETDBBDFM for      performed 

better and faster as displayed in tables 1 to 2. Hence, it is recommended that ETDBBDFM for step numbers             are suitable for 

solving DDEs. Further research should be looked-into for step number        … on the derivation of discrete schemes of ETDBBDFM for 

approximate solutions of DDEs without the use of interpolation formula in obtaining the delay argument.  
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