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1. Introduction 

Let Α denotes the class of functions analytic in the unit disk 𝕌 = {𝓏 ∈ ℂ ∶ |𝓏| < 1}; 𝑓(𝓏) is said to be in the class 𝑆 (subclass of Α) if 𝑓(𝓏) is 

analytic and univalent in the unit disk 𝕌 which can be expressed as 

 

                                                                                           𝑓(𝓏) = 𝓏 + ∑ 𝑎𝑘𝓏𝑘∞
𝑘=2                                                                                                                    (1.1) 

 

satisfying the conditions 𝑓(0) = 0; 𝑓′(0) = 1. Class 𝑆 is called the class of normalized univalent functions. 

In 1851, Riemann[1] provided one of the most classical and remarkable results in geometric function theory which is the well-known 

Riemann mapping theorem and it states that "there exists a unique analytic functions which maps a simply connected domain onto another 

simply connected domain in a complex plane”. In view of Riemann mapping theorem, the study of the properties of analytic and univalent 

functions began by Koebe,[2] in 1907 and he provided the first important paper in this area, followed by Alexander[3] and Bieberbach[4] in 1915 

and 1916 respectively. In 1985, the Bieberbach conjecture which is also known as coefficient conjecture was proved by Branges[5] which states 

that “for a univalent function, it's nth-Taylor's coefficient is bounded by n”.  

So many researchers, have defined different classes of analytic univalent, multi-valent and bi-univalent functions and obtained their 

coefficient estimates. Fekete-Szego inequality is an inequality involving the coefficients of univalent analytic functions found by Fekete and 

Szego,[6] which is related to Bieberbach conjecture. Finding similar estimates for other classes of functions is called the Fekete-Szego problem. 

The Fekete-Szego inequality states that if 

 

𝑓(𝓏) = 𝓏 + 𝑎2𝓏2 + 𝑎3𝓏3 + ⋯ 

 

is a univalent analytic function on the unit disk 𝕌 and 0 ≤ 𝜆 ≤ 1; then 

 

𝐶(𝜆) = |𝑎3 − 𝜆𝑎2
2| < 1 + 2 exp(−2𝜆) /(1 − 𝜆)) 

 

 

mailto:modupelol@yahoo.com


 

 
26 

Fatunsin Lolade M.   Numerical Analysis and Applicable Mathematics 

Numer. Anal. Appl. Math., 2022, 3(6), 25-29. 

 

For a class of function in Α and a real number 𝜇, the Fekete-Szego problem is all about finding the best possible upper bound for 𝐶(𝜆) for 

functions in Α. A function f ∈  S of the form (1.1) is star-like in the unit disk 𝕌 if it maps a unit disk onto a star-like domain. A necessary and 

sufficient condition for f to be star-like is that: 

𝑅𝑒 {𝑧
𝑓′(𝓏)

𝑓(𝓏)
} > 0, 𝓏 ∈  𝕌 

The class of all-star-like functions is denoted by 𝑆∗ 

Let 𝑃 be the class of functions 𝑝(𝑧) of the form 

                                                                                                             𝑝(𝑧) = 1 + ∑ 𝐶𝑛𝓏𝑛∞
𝑘=1                                                                                                   (1.2) 

 

which are analytic in the unit disk 𝕌 = {𝓏 ∈ ℂ ∶ |𝓏| < 1} and satisfies the conditions 𝑅𝑒(𝑝(𝑧)) > 0 and 𝑝(𝑧) = 1, for 𝓏 ∈  𝕌, 𝑝(𝑧) is called a 

Caratheodory function or function having positive real part in 𝕌.  

An analytic function 𝑓(𝓏) is convex if it maps 𝕌 conformally onto a convex domain. Equivalently, 𝑓 ∈  𝐶 if and only of it satisfies the 

following condition; 

𝑅𝑒 {1 +
𝓏𝑓′′(𝓏)

𝑓′(𝓏)
} > 0, 𝓏 ∈  𝕌. 

The class of all convex functions is denoted by 𝐾 And if 

𝑅𝑒 {1 +
𝓏𝑓′′(𝓏)

𝑓′(𝓏)
} > 𝛼, 𝓏 ∈  𝕌 

0 ≤ 𝛼 ≤ 1, 𝑓(𝓏) is a convex function of order 𝛼. The class of all convex functions of order 𝛼 is defined as 𝑓(𝛼). 

Let 𝑓(𝓏) and 𝑔(𝓏) be analytic functions in the unit disk 𝕌, then 𝑓(𝓏) is subordinate to 𝑔(𝓏) written as 𝑓(𝓏) ≺ 𝑔(𝓏), if there exist a function 

𝜔(𝓏) analytic in 𝕌 with 𝜔(0) = 0, |𝜔(𝓏)| < 1 which is called the Schwarz function such that 𝑓(𝓏) = 𝑔(𝜔(𝓏)). 

If the function 𝑔 is univalent in 𝕌, then 𝑓(𝓏) ≺ 𝑔(𝓏), 𝓏 ∈  𝕌 ⇔  𝑓(0) = 𝑔(0) and 𝑓(𝕌) ⊂ 𝑔(𝕌).[7] 

                        
Maximum Modulus Theorem: Let 𝐷 ⊂ ℂ be a domain and 𝑓 ∶ 𝐷 → ℂ analytic. If there exists a point 𝓏0 ∈ 𝐷 such that |𝑓(𝓏)| ≤ |𝑓(𝓏0)|, for 

all 𝓏 ∈  𝐷, then 𝑓 is constant on 𝐷. 

 

Lemma 1.1. ([8]) If 𝑝 ∈  𝑃 with the series expansion 𝑝(𝓏) = 1 + 𝑝1𝓏 + 𝑝2𝓏2 + 𝑝3𝓏3 + ⋯, 𝓏 ∈ 𝕌 with 𝑅𝑒(𝑝(𝑧)) > 0 and (𝑝(0)) = 1. Then 

|𝑝𝑛| ≤ 2, 𝑛 = {1,2, … } and the inequality is sharp for the function 𝑝(𝓏) =
1+𝓏

1−𝓏
,  𝓏 ∈ 𝕌 

 

Lemma 1.2. ([9]) Let the function 𝑝 ∈ 𝑃 be given by equation (1.2), then for any complex number 𝜎 

 

|𝑝2 − 𝜎𝑝1
2| ≤ 2𝑚𝑎𝑥{1, |2𝜎 − 1|} 

and the result is sharp for the functions given by 

𝑝(𝓏) =
1 + 𝓏

1 − 𝓏
∙ 𝓏 ∈  𝕌 

 

Motivated by the work of Krishna et al[10] the following definitions are given. 

 

Definition: A function 𝑓(𝓏) ∈ 𝐴 is said to be in the class 𝑆𝑛(𝛼, 𝛽, 𝛾) if it satisfies the condition that 

 

                                                                                  ℝ {𝛼
𝐷𝑛𝑓(𝓏)

𝓏
+ 𝛽(𝐷𝑛𝑓(𝓏))′} > 𝛾, 𝓏 ∈  𝕌                                                                                              (1.3) 

 

where 𝛼, 𝛽 > 0 and 0 ≤ 𝛾 <  𝛼 +  𝛽 ≤ 1, 𝑛 = {0} ∪ {1,2,3 … }. 𝐷𝑛𝑓(𝓏) is the well known Salagean differential operator and it is defined as[11] 

  

                                                                                            𝐷𝑛𝑓(𝓏) = 𝓏 + ∑ 𝐾𝑛∞
𝑘=2 𝑎𝑘𝓏𝑘 

 

Definition: For −1 ≤ 𝐵 < 𝐴 ≤ 1, 𝑛 ∈ ℕ ∪ {0}. A function 𝑓 ∈ 𝐴 is in the class 𝑅𝑛(𝐴, 𝐵) if 

 

                                                                                             
𝓏(𝐷𝑛𝑓(𝓏))′

𝐷𝑛𝑓(𝓏)
≺

1+𝐴𝑧

1+𝐵𝑧
, 𝓏 ∈ 𝕌                                                                                                                (1.4) 

 

2. Main results 

Next is to obtain the geometric properties of the new classes of functions defined, such as coefficient estimates, Fekete-Szego functional and 

the inclusion relation. 
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3. Coefficient Estimates 

Theorem: A function 𝒇 of the form (1.1) belongs to the class 𝑆𝑛(𝛼, 𝛽, 𝛾) if 

 

𝑎𝑘 =
(𝛼+𝛽−𝛾)𝐶𝑘−1

𝑘𝑛(𝛼+𝛽𝑘)
, 𝑘 ≥ 2 

 

Proof: Let 𝑓 ∈ 𝑆𝑛(𝛼, 𝛽, 𝛾), there exists an analytic functions 𝑝 ∈  𝑃 in the open unit disk 𝕌 satisfying the conditions 𝑝(0) = 0, 𝑅𝑒(𝑝(𝑧)) > 0 

such that 

1

𝛼 + 𝛽 − 𝛾
{𝛼

𝐷𝑛𝑓(𝓏)

𝓏
+ 𝛽(𝐷𝑛𝑓(𝓏))′ − 𝛾} = 𝑝(𝓏) 

which implies that 

{𝛼
𝐷𝑛𝑓(𝓏)

𝓏
+ 𝛽(𝐷𝑛𝑓(𝓏))′ − 𝛾} = (𝛼 + 𝛽 − 𝛾) (𝑝(𝓏)) 

on expansion of the last expression, the result is; 

 

𝑎2𝓏(𝛼2𝑛 + 𝛽2𝑛+1) + 𝑎3𝓏2(𝛼3𝑛 + 𝛽3𝑛+1) + 𝑎4𝓏 (𝛼4𝑛 + 𝛽4𝑛+1) + 𝑎5𝓏4(𝛼5𝑛 + 𝛽5𝑛+1) + ⋯.                                                                          (3.1) 

 

= (𝛼 + 𝛽 − 𝛾)(𝑐1𝓏 + 𝑐2𝓏2 + 𝑐3𝓏3 + 𝑐4𝓏4 + ⋯ )                                                                                                                                                                (3.2) 

 

comparing the like powers of the coefficients of 𝓏 on both sides of equations (3.1) and (3.2), 

 

𝑎2 =
(𝛼 + 𝛽 − 𝛾)𝑐1

2𝑛(𝛼 + 2𝛽)
 

𝑎3 =
(𝛼 + 𝛽 − 𝛾)𝑐2

3𝑛(𝛼 + 3𝛽)
 

𝑎4 =
(𝛼 + 𝛽 − 𝛾)𝑐3

4𝑛(𝛼 + 4𝛽)
 

𝑎5 =
(𝛼 + 𝛽 − 𝛾)𝑐4

5𝑛(𝛼 + 5𝛽)
 

In general, 

                                                                                                               𝑎𝑘 =
(𝛼+𝛽−𝛾)𝐶𝑘−1

𝑘𝑛(𝛼+𝛽𝑘)
, 𝑘 ≥ 2                                                                                            (3.3) 

Remark 2 

For 𝑛 = 0, 𝑎𝑘 equation (3.3) reduces to the result obtained in Krishna et al.[10] 

 

4. Fekete-Szego Functional 

Theorem: If 𝑓(𝓏) given by equation (1.1) belongs to the class 𝑆𝑛(𝛼, 𝛽, 𝛾), then for any complex number 𝜎 

 

|𝑎3 − 𝜎𝑎2
2| =

(𝛼 + 𝛽 − 𝛾)

3𝑛(𝛼 + 3𝛽)
𝑚𝑎𝑥 {1, |

3𝑛𝜎(𝛼 + 3𝛽)

22𝑛(𝛼 + 2𝛽)2|} 

 

𝛼, 𝛽 > 0 and 0 ≤ 𝛾 < 𝛼 + 𝛽 ≤ 1, 𝑛 = {0} ∪ {1,2, 3 … } 

 

Proof: from equation (3.3), 

𝑎2 =
(𝛼 + 𝛽 − 𝛾)𝑐1

2𝑛(𝛼 + 2𝛽)
 

𝑎3 =
(𝛼 + 𝛽 − 𝛾)𝑐2

3𝑛(𝛼 + 3𝛽)
 

then the Fekete-Szego functional can be written as 

 

                                                                                               |𝑎3 − 𝜎𝑎2
2| =

(𝛼+𝛽−𝛾)

3𝑛(𝛼+3𝛽)
{𝑐2 −

3𝑛𝜎𝑐1
2(𝛼+3𝛽)

22𝑛(𝛼+2𝛽)2 }                                                                              (4.1) 

                                                                                                                   =
(𝛼+𝛽−𝛾)

3𝑛(𝛼+3𝛽)
{𝑐2 − 𝜐𝑐1

2}                                                                                              (4.2) 

Where 

𝜐 =
3𝑛𝜎(𝛼 + 3𝛽)

22𝑛(𝛼 + 2𝛽)2 
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Applying lemma (1.2) 

|𝑎3 − 𝜎𝑎2
2| =

(𝛼 + 𝛽 − 𝛾)

3𝑛(𝛼 + 3𝛽)
𝑚𝑎𝑥 {1, |

3𝑛𝜎(𝛼 + 3𝛽)

22𝑛(𝛼 + 2𝛽)2|} 

and the result follows. 
 
Corollary: when 𝑛 = 0, the following corollary is obtained; 

 

|𝑎3 − 𝜎𝑎2
2| =

(𝛼 + 𝛽 − 𝛾)

(𝛼 + 3𝛽)
𝑚𝑎𝑥 {1, |

𝜎(𝛼 + 3𝛽)

(𝛼 + 2𝛽)2 |} 

 

5. Inclusion Relation 

Theorem: A function 𝑓 ∈ 𝐴 belongs to the class 𝑅𝑛(𝐴, 𝐵) if and only if the following condition is satisfied 

 

                                                                                          ∑ {(1 + 𝐵)𝑘 − (1 + 𝐴)}𝑘𝑛𝑎𝑘 ≤ 𝐴 − 𝐵∞
𝑘=2                                                                                    (5.1) 

 

−1 ≤ 𝐵 < 𝐴 ≤ 1, 𝑛 ∈  ℕ ∪ {0}. 

 

Proof: Let 𝑓 ∈  𝑅𝑛(𝐴, 𝐵). If 
𝓏(𝐷𝑛𝑓(𝓏))′

𝐷𝑛𝑓(𝓏)
≺

1+𝐴𝓏

1+𝐵𝓏
 , 𝓏 ∈  𝕌 

 

then by the definition of subordination, there exists 𝑤(𝑧) ∈ 𝐴 such that |𝑤(𝑧)| < 1, 𝑤(0) = 0 and equation (1.4) can be written as 

 
𝓏(𝐷𝑛𝑓(𝓏))′

𝐷𝑛𝑓(𝓏)
≺

1+𝐴𝑤(𝓏)

1+𝐵𝑤(𝓏)
  

which implies that 

(1 + 𝐴𝑤(𝓏))𝐷𝑛𝑓(𝓏) = (1 + 𝐵𝑤(𝓏))𝓏(𝐷𝑛𝑓(𝓏))′ 

𝑤(𝑧) =
𝓏(𝐷𝑛𝑓(𝓏))′ − 𝐷𝑛𝑓(𝓏)

𝐴𝐷𝑛𝑓(𝓏) − 𝐵(𝓏𝐷𝑛𝑓(𝓏))′ 

|𝑤(𝑧)| = |
𝓏(𝐷𝑛𝑓(𝓏)) − 𝐷𝑛𝑓(𝓏)

𝐴𝐷𝑛𝑓(𝓏) − 𝐵𝓏(𝐷𝑛𝑓(𝓏))′| 

 

writing |𝑤(𝑧)| in the form of power series; 

|𝑤(𝑧)| = |
∑ 𝑘𝑛𝑎𝑘𝓏𝑘∞

𝑘=2 (𝑘 − 1)

(𝐴 − 𝐵)𝓏 + ∑ 𝑘𝑛𝑎𝑘𝓏𝑘(𝐴 − 𝐵𝑘)∞
𝑘=2

| 

 

it can be recalled that |𝑤(𝑧)| < 1 from the definition of subordination. Hence, 

|𝑤(𝑧)| = |
∑ 𝑘𝑛𝑎𝑘𝓏𝑘∞

𝑘=2 (𝑘 − 1)

(𝐴 − 𝐵)𝓏 + ∑ 𝑘𝑛𝑎𝑘𝓏𝑘(𝐴 − 𝐵𝑘)∞
𝑘=2

| < 1 

Since 𝑅𝑒(𝑧) ≤ |𝑧| < 1 and taking the value of |𝑧| → 1 on the real axis, 

∑{(1 + 𝐵)𝑘 − (1 + 𝐴)}

∞

𝑘=2

𝑘𝑛𝑎𝑘 ≤ 𝐴 − 𝐵 

Conversely, suppose 

𝑓(𝓏) = 𝓏 + ∑ 𝑎𝑘

∞

𝑘=2

𝓏𝑘 

And 

∑{(1 + 𝐵)𝑘 − (1 + 𝐴)}

∞

𝑘=2

𝑘𝑛𝑎𝑘 ≤ 𝐴 − 𝐵 

it suffices to show that 
𝓏(𝐷𝑛𝑓(𝓏))′

𝐷𝑛𝑓(𝓏)
≺

1+𝐴𝑤(𝓏)

1+𝐵𝑤(𝓏)
, 𝓏 ∈ 𝕌 

i.e. |𝑤(𝑧)| < 1 

|𝑤(𝑧)| = |
∑ 𝑘𝑛𝑎𝑘𝓏𝑘∞

𝑘=2 (𝑘 − 1)

(𝐴 − 𝐵)𝓏 + ∑ 𝑘𝑛𝑎𝑘𝓏𝑘(𝐴 − 𝐵𝑘)∞
𝑘=2

| < 1 
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                                                                       |∑ 𝑘𝑛𝑎𝑘𝓏𝑘∞
𝑘=2 (𝑘 − 1)| < |(𝐴 − 𝐵)𝓏 + ∑ 𝑘𝑛𝑎𝑘𝓏𝑘(𝐴 − 𝐵𝑘)∞

𝑘=2 | < 0 

 

                                                                       |∑ 𝑘𝑛𝑎𝑘𝓏𝑘∞
𝑘=2 (𝑘 − 1)| − |(𝐴 − 𝐵)𝓏 + ∑ 𝑘𝑛𝑎𝑘𝓏𝑘(𝐴 − 𝐵𝑘)∞

𝑘=2 | 

 

                                                                       ≤ |∑ 𝑘𝑛𝑎𝑘𝓏𝑘∞
𝑘=2 (𝑘 − 1) − (𝐴 − 𝐵)𝓏 − ∑ 𝑘𝑛𝑎𝑘𝓏𝑘(𝐴 − 𝐵𝑘)∞

𝑘=2 | 

 

Taking the value of |𝑧| → 1  on the real axis 

                                                                       |∑ 𝑘𝑛𝑎𝑘𝓏𝑘∞
𝑘=2 (𝑘 − 1) − (𝐴 − 𝐵)𝓏 − ∑ 𝑘𝑛𝑎𝑘𝓏𝑘(𝐴 − 𝐵𝑘)∞

𝑘=2 | 

 

                                                                       ≤ ∑ 𝑘𝑛∞
𝑘=2 {(1 + 𝐵)𝑘 − (1 + 𝐴)}𝑎𝑘 − (𝐴 − 𝐵) ≤ 0 

 

Hence, by maximum modulus theorem, 𝑓 ∈  𝑅𝑛(𝐴, 𝐵). 

 

6. Conclusions 

Salagean differential operator was used to define two new subclasses of analytic and univalent functions in the unit disk. The geometric 
properties (such as the coefficient estimates, Fekete-Szego functionals and the inclusion relation) of the new subclasses defined were studied, 
the results obtained is an improvement on the existing results and new results were also obtained. 
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