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Abstract: We propose and analyze a hybridizable discontinuous Galerkin (HDG) method for Reissner-Mindlin
plate problems. The method uses piecewise-polynomials of degree k(≥ 1) to approximate the transverse dis-
placement and the displacement trace on inter-element boundaries, uses piecewise-polynomial vectors of degrees
k and `, max(1, k− 1) ≤ ` ≤ k, to approximate respectively the rotation and the rotation trace on inter-element
boundaries, and uses piecewise-polynomial vectors of degree k and piecewise-polynomial tensors of degree m,
k − 1 ≤ m ≤ `, to approximate respectively the shear stress and the bending moment. We show that the HDG
method is robust in the sense that the derived a priori error estimates are optimal and uniform with respect to
the plane thickness t. Numerical experiments are performed to confirm our theoretical results.
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1. Introduction

THe Reissner–Mindlin (R–M) model describes the deformation of an isotropic homogeneous plate subject to a transverse loading.
Due to the avoidance of C1-continuity difficulty, the R-M plate model is a dominating two-dimensional model used to calculate the

bending of a thick/thin three-dimensional plate. In this paper we consider the following R-M plate model: find (θ, w) satisfying{
−∇ · Cε(θ)− λt−2(∇w − θ) = f , in Ω,

−λt−2∇ · (∇w − θ) = g, in Ω,
(1)

with the hard clamped (HC) boundary condition

θ = 0, w = 0, on ∂Ω. (2)

Here Ω ⊂ R2 is a polygonal domain with boundary ∂Ω, t denotes the plate thickness, w : Ω → R and θ : Ω → R2 denote the
transverse displacement of the midplane and the rotation of the fibers normal to it, which are caused by a body force f : Ω → R2

and the transverse loading g : Ω → R. ε(·) is strain operator, i.e. the symmetric part of the gradient which takes values in the space
S = R2×2

sym of symmetric 2× 2 matrices. The compliance tensor C : S→ S is the module tensor given by

Cτ =
E

12(1− ν2)
[(1− ν)τ + νtr(τ )I] , τ ∈ S, (3)

and λ = κE
2(1+ν)

, where E is the Young’s modulus, ν ∈ [0, 1
2
) the Poisson’s ratio, and κ the shear correction factor.

It is well-known[1, 7] that low order conforming finite element methods for the Reissner-Mindlin plate model suffer from a perfor-
mance deterioration, called shear-locking, as the plate thickness t → 0. The locking phenomenon occurs because the requirement
(∇w − θ) → 0 as t → 0 is too restrictive to allow for good approximations of smooth functions when using low order conforming
elements. Therefore, unless the schemes are carefully desired, the locking problems are most likely to happen.

In order to overcome the difficulty of shear-locking, the popular strategy is to introduce a special reduction operator ih with
(∇w − ihθ) → 0 as t → 0 so as to weaken the Kirchhoff constraint; see, e.g.[4, 7, 8, 12, 13, 30, 31, 34, 35, 36, 37, 40, 42, 43, 44, 46, 53] for details.
An alternative approach is to employ an equivalent formulation of the original problem, e.g. the formulation using the Helmholtz
decomposition,[11] the formulation of displacements and bending moments,[41] and the hybrid stress formulation including variables
of displacements, shear stresses and bending moments.[5, 15, 33, 51, 52]
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Since the late 1970s, the discontinuous Galerkin (DG) method has become increasingly popular due to its attractive features such
as local conservation of physical quantities and flexibility in meshing; see[2, 3] for elliptic boundary value problems. The DG method
is also suitable for parallel computation and ideal to be used with hp-adaptive strategy. As pointed out in[29], an inconvenient feature
of the DG method is that it may require the penalization parameter to be “sufficiently" large (practically unknown) for stability. This
inconvenience was avoided by the local discontinuous Galerkin (LDG) method,[28, 16, 14, 25] which has an additional property that fluxes
can be eliminated locally. Later, the hybridizable discontinuous Galerkin (HDG) method[23] was devised, which can also overcome this
difficulty. The HDG method retains the advantages of the DG method and can significantly reduce the number of degrees of freedom,
therefore allowing for a substantial reduction in the computational cost. We refer to[17, 18, 19, 20, 21, 22, 24, 26, 27, 38, 39, 45, 47, 48, 49] for some
applications of the HDG method to different PDEs.

In this paper, we propose an arbitrary order HDG scheme to numerically solve the RM plate problems. Thanks to the use of an HDG
type mixed form with independent approximations of the transverse displacement, rotation, shear stress and bending moment variables
by discontinuous polynomials, the proposed HDG method is shown to be free from shear-locking and to yield optimal convergence
rates.

The rest of this paper is organized as follows. Section 2 introduces some basic notations and the HDG scheme for the model
problem. Section 3 gives stability results. Section 4 is devoted to the a priori error analysis. Section 5 derives an L2 error estimate for
velocity. Finally, Section 8 provides numerical experiments.

Throughout this paper, we use C to denote a positive constant independent of h, hT , hE , and t, not necessarily the same at each
occurrence; we use a . b to represent a ≤ Cb.

2. The HDG method

2.1. Notation

For a bounded domain Λ ⊂ Rs (s = 1, 2), let Hm(Λ) and Hm
0 (Λ) denote the usual mth-order Sobolev spaces on Λ, and ‖ · ‖m,Λ, | · |m,Λ

denote the norm and semi-norm on these spaces. We use (·, ·)m,Λ to denote the inner product of Hm(Λ), with (·, ·)Λ := (·, ·)0,Λ. When
Λ = Ω, we denote ‖ · ‖m := ‖ · ‖m,Ω, | · |m := | · |m,Ω, (·, ·) := (·, ·)Ω. In particular, when Λ ∈ R, we use 〈·, ·〉Λ to replace (·, ·)Λ. We note
that bold face fonts will be used for vector (or tensor) analogues of the Sobolev spaces along with vector-valued (or tensor-valued)
functions. For an integer k ≥ 0, Pk(Λ) denotes the set of all polynomials defined on Λ with degree at most k.

Let Th =
⋃
{T} be a shape regular triangles partition of the domain Ω. For any T ∈ Th, we let hT be the infimum of the diameters

of circles containing T and denote the mesh size h := maxT∈Th hT . Let Eh =
⋃
{E} be the union of all edges of T ∈ Th. We denote

by hE the length of edge E. For all T ∈ Th and E ∈ Eh, we denote by nT and nE the unit outward normal vectors along ∂T and E,
respectively. We use the mesh-dependent inner products

(w, v)Th :=
∑
T∈Th

(w, v)T , 〈ζ, ρ〉∂Th :=
∑
T∈Th

〈ζ, ρ〉∂T ,

where (·, ·)D denotes the L2(D) inner product for a set D ⊂ R2 and 〈·, ·〉Γ denotes the L2(Γ) inner product for a set Γ ⊂ R1. For any
finite element functions wh and rh, let ∇wh and ∇ · rh denote the piecewise gradient and divergence on each element T ∈ Th.

2.2. Preliminary results

For any element T ∈ Th, proper edge E ∈ Eh and any nonnegative integer j, let Πo
j : L2(T )→ Pj(T ) and Π∂

j : L2(E)→ Pj(E) be the
usual L2 projection operators. Then we can get the following approximation and boundness result.

Lemma 2.1. Let m be an integer with 1 ≤ m ≤ j + 1. For all T ∈ Th, E ∈ Eh, it holds

‖Πo
jv‖0,T ≤ ‖v‖0,T ∀v ∈ L2(T ), (4a)

‖Π∂
j v‖E ≤ ‖v‖E ∀v ∈ L2(E), (4b)

‖v −Π∂
j v‖∂T . h

m−1/2
T |v|m,T ∀v ∈ Hm(T ), (4c)

|v −Πo
jv|s,T . hm−sT |v|m,T ∀v ∈ Hm(T ), 0 ≤ s ≤ m, (4d)

‖∇s(v −Πo
jv)‖∂T . h

m−s−1/2
T |v|m,T ∀v ∈ Hm(T ), 1 ≤ s+ 1 ≤ m. (4e)

Introducing the shear stress vector γ = λt−2(∇w − θ) and the bending moment tensor σ = Cε(θ), then (1) can be rewriten as:
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find (σ,γ, θ, w) satisfying 

C−1σ − ε(θ) = 0,

−∇ · σ − γ = f ,

−∇ · γ = g,

λ−1t2γ − (∇w − θ) = 0.

(5)

A direct calculation shows that

C−1τ =
12(1 + ν)

E
τ − 12ν

E
tr(τ )I

and

12(1− ν)

E
‖τ‖20 ≤ (C−1τ , τ ) ≤ 12(1 + ν)

E
‖τ‖20 (6)

hold true for any τ ∈ S.

To show the regularity of the solution, we introduce the Helmholtz decomposition.

Lemma 2.2 (c.f [7]). For γ ∈ [L2(Ω)]2, there exists a unique r ∈ H1
0 (Ω) and a unique p ∈ H1(Ω) ∩ L2

0(Ω) such that

γ = ∇r +∇⊥p with ∇⊥p := (∂p/∂x2,−∂p/∂x1)T . (7)

By Lemma 2.2, it is easy to check that problem (5) with boundary condition (2) is equivalent to the following system: find
(r, θ,σ, p, w) ∈ H1(Ω)× [H1

0 (Ω)]2 × ([L2(Ω)]2×2 ∩ S)× (H1
0 (Ω) ∩ L2

0(Ω))×H1
0 (Ω) such that

(∇r,∇µ) = (g, µ),∀µ ∈ H1
0 (Ω), (8a)

(C−1σ, τ )− (∇θ, τ ) = 0, ∀τ ∈ [L2(Ω)]2×2 ∩ S, (8b)

(σ,∇φ)− (φ,∇⊥p) = (∇r,φ) + (f ,φ), ∀φ ∈ [H1
0 (Ω)]2, (8c)

−(θ,∇⊥q)− λ−1t2(∇⊥p,∇⊥q) = 0, q ∈ H1
0 (Ω), (8d)

(∇w,∇s) = (θ + λ−1t2∇r,∇s), ∀s ∈ H1
0 (Ω). (8e)

The following regularity results is found in [7].

Theorem 2.1. Let Ω be a convex polygon or a smoothly bounded domain. For f ∈ [H−1(Ω)]2 and g ∈ H−1(Ω), there exists a unique
solution (r, θ,σ, p, w) satisfying (8a)-(8e). Moreover, if f ∈ [L2(Ω)]2, then

‖θ‖2 + ‖σ‖1 + ‖r‖1 + ‖p‖1 + t‖p‖2 + ‖w‖1 + ‖γ‖0 . ‖f‖0 + ‖g‖−1. (9)

In addition, if g ∈ L2(Ω), then

‖r‖2 + ‖w‖2 + t‖γ‖1 + ‖∇ · γ‖0 . ‖f‖0 + ‖g‖0. (10)

2.3. HDG scheme

For any integer k ≥ 1, max(1, k − 1) ≤ ` ≤ k and k − 1 ≤ m ≤ `, we introduce the following finite dimensional spaces:

Wh ={vh ∈ L2(Ω) : vh|T ∈ Pk(T ), ∀T ∈ Th},

Ŵh ={v̂h ∈ L2(Eh) : v̂h|E ∈ Pk(E), ∀E ∈ Eh},

Ŵ 0
h ={v̂h ∈ Ŵh : v̂h|∂Ω = 0},

Θh ={βh ∈ [L2(Ω)]2 : βh|T ∈ [Pk(T )]2, ∀T ∈ Th},

Θ̂h ={β̂h ∈ [L2(Eh)]2 : β̂h|E ∈ [P`(E)]2, ∀E ∈ Eh},

Θ̂0
h ={β̂h ∈ Θ̂h : β̂h|∂Ω = 0},

Γh ={ηh ∈ [L2(Ω)]2 : ηh|T ∈ [Pk(T )]2, ∀T ∈ Th},

Σh ={τh ∈ [L2(Ω)]2×2 : τTh = τh and τh|T ∈ [Pm(T )]2×2, ∀T ∈ Th}.

Then the HDG formulation in a compact form for the Reissner-Mindlin plate model based on (5) and boundary condition (2) is
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given as follows: find (σh,γh, θh, θ̂h, wh, ŵh) ∈ Σh × Γh ×Θ0
h × Θ̂h ×Wh × Ŵ 0

h such that

ah(σh,γh; τh,ηh)− bh(τh,ηh; θh, θ̂h, wh, ŵh) = 0, (11a)

bh(σh,γh;βh, β̂h, vh, v̂h) + sh(θh, θ̂h, wh, ŵh;βh, β̂h, vh, v̂h) = (f ,βh) + (g, vh), (11b)

for all (τh,ηh,βh, β̂h, vh, v̂h) ∈ Σh × Γh ×Θh × Θ̂0
h ×Wh × Ŵ 0

h , where

ah(σh,γh; τh,ηh) =(C−1σh, τh)Th + λ−1t2(γh,ηh)Th ,

bh(τh,ηh; θh, θ̂h, wh, ŵh) =− (θh,∇ · τh)Th + 〈θ̂h, τhn〉∂Th − (wh,∇ · ηh)Th + 〈ŵh,n · ηh〉∂Th − (θh,ηh)Th ,

sh(θh, θ̂h, wh, ŵh;βh, β̂h, vh, v̂h) =〈α(Π∂
` θh − θ̂h),Π∂

`βh − β̂h〉∂Th + 〈α(wh − ŵh), vh − v̂h〉∂Th ,

and the parameter α is taken as

α|E := h−1
E ∀E ∈ Eh.

Remark 2.1. In fact, one can alternatively choose
α|∂T := h−1

T ∀T ∈ Th

in the scheme, and this choice makes no difference for the analysis.

3. Stability

We first introduce some basic results.

Lemma 3.1 (Piecewise Poincaré inequality,[9]). Under the shape regular condition of Th, for any vp ∈ H1(Th) it holds

‖vp‖2Th . ‖∇vp‖2Th +
∑

E∈Eh/∂Ω

h−1
E ‖Π

∂
0 [[vp]]‖2E + 〈vp, 1〉2Γs

, (12)

where Γs is a measurable subset of ∂Ω with meas(Γs) > 0.

Lemma 3.2 (Piecewise Korn’s inequality,[10]). Under the shape regular condition of Th, for any vp ∈ [H1(Th)]2 it holds

‖∇vp‖2Th . ‖ε(vp)‖2Th +
∑

E∈Eh/∂Ω

h−1
E ‖Π

∂
1 [[vp]]‖2E + sup

m∈RM(Ω),
‖m‖Γs=1,∫
Γs
m ds=0

〈vp,m〉2Γs
, (13)

where RM(Ω) is the space of (infinitesimal) rigid motions on Ω defined by

RM(Ω) :=

{
a+ b

[
0 −1

1 0

]
x : a ∈ R2, b ∈ R

}
(14)

for x ∈ Ω.

Let us define two semi-norms respectively on Θh × Θ̂0
h and Wh × Ŵ 0

h :

‖(θh, θ̂h)‖2Θ :=‖ε(θh)‖2Th + ‖α1/2(Π∂
` θh − θ̂h)‖2∂Th , ∀(θh, θ̂h) ∈ Θh × Θ̂0

h,

‖(wh, ŵh)‖2W :=‖∇wh‖2Th + ‖α1/2(wh − ŵh)‖2∂Th , ∀(wh, ŵh) ∈Wh × Ŵ 0
h .

By Lemmas 3.1-3.2, we can prove the following HDG-Poincaré and HDG-Korn’s inequalities.

Lemma 3.3. For any (θh, θ̂h) ∈ Θh × Θ̂0
h and sufficiently small h, it holds

‖θh‖Th + ‖∇θh‖Th . ‖(θh, θ̂h)‖Θ. (15)
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Proof. For (θh, θ̂h) ∈ Θh × Θ̂0
h we apply Lemma 3.2, Cauchy-Schwarz inequality and max(1, k − 1) ≤ ` ≤ k to get

‖∇θh‖2Th . ‖ε(θh)‖2Th +
∑

E∈Eh/∂Ω

h−1
E ‖Π

∂
1 [[θh]]‖2E + ‖θh‖2∂Ω

≤ ‖ε(θh)‖2Th +
∑

E∈Eh/∂Ω

h−1
E ‖Π

∂
` [[θh]]‖2E + ‖θh‖2∂Ω

= ‖ε(θh)‖2Th +
∑

E∈Eh/∂Ω

h−1
E ‖[[Π

∂
` θh − θ̂h]]‖2E + ‖θh − θ̂h‖2∂Ω

. ‖ε(θh)‖2Th +
∑

E∈Eh/∂Ω

h−1
E ‖[[Π

∂
` θh − θ̂h]]‖2E + ‖Π∂

` θh − θ̂h‖2∂Ω + ‖θh −Π∂
` θh‖2∂Ω

. ‖ε(θh)‖2Th +
∑
T∈Th

h−1
T ‖Π

∂
` θh − θ̂h‖2∂T + h‖∇θh‖2Th .

Then for sufficiently small h it holds
‖∇θh‖Th . ‖(θh, θ̂h)‖Θ.

Similarly, by the triangle inequality, Lemma 3.1 and (15), we have

‖θh‖2Th . ‖∇θh‖2Th +
∑

E∈Eh/∂Ω

h−1
E ‖Π

∂
0 [[θh]]‖2E + ‖θh‖2∂Ω . ‖(θh, θ̂h)‖2Θ.

As a result, the desired estimate (15) follows.

Using Lemma 3.3, we easily obtain the following inf-sup stability condition.

Theorem 3.1. For all (θh, θ̂h, wh, ŵh) ∈ Θh × Θ̂0
h ×Wh × Ŵ 0

h , it holds

‖(θh, θ̂h)‖Θ + ‖(wh, ŵh)‖W . sup
06=(τh,ηh)∈Σh×Γh

bh(τh,ηh; θh, θ̂h, wh, ŵh)

‖τh‖0 + t‖ηh‖0
+ sh(θh, θ̂h, wh, ŵh; θh, θ̂h, wh, ŵh)1/2.

Proof. To simplify the notation, we introduce the following two positive constants:

Cinf :=
12(1− ν)

E
, CP := sup

06=(β,β̂h)∈Θh×Θ̂0
h

‖βh‖Th
‖(βh, β̂h)‖Θ

. (16)

Notice that CP is independent of t and h due to (15). Let C0 be a constant to be defined later. For (θh, wh) ∈ Θh ×Wh, we take
τh ∈ Σh, with τh|T = ε(θh|T ) for any T ∈ Th, and ηh = C0(∇wh + θh) ∈ Γh, and use (6) and (16) to get

bh(τh,ηh; θh, θ̂h, wh, ŵh)

= ‖ε(θh)‖2Th + C0‖∇wh‖2Th − C0‖θh‖2Th + 〈θ̂h −Π∂
` θh, εh(θh)n〉∂Th + 〈ŵh − wh,n · C0(∇wh + θh)〉∂Th

≥ 1

2
‖(θh, θ̂h)‖2Θ +

C0

2
‖(wh, ŵh)‖2W − C2

PC0‖(θh, θ̂h)‖2Θ − C1sh(θh, θ̂h, wh, ŵh; θh, θ̂h, wh, ŵh)

≥
(

1

2
− C2

PC0

)
‖(θh, θ̂h)‖2Θ +

C0

2
‖(wh, ŵh)‖2W − C1sh(θh, θ̂h, wh, ŵh; θh, θ̂h, wh, ŵh)1/2

(
‖θh, θ̂h‖Θ + ‖(wh, ŵh)‖W

)
,

and

‖τh‖Th + t‖ηh‖Th ≤ max(1 + tCPC0, tC0)(‖(θh, θ̂h)‖Θ + ‖(wh, ŵh)‖W ).

Combine the two inequalities above and take C0 = C−2
P /4, this gives

sup
06=(τh,ηh)∈Σh×Γh

bh(τh,ηh; θh, θ̂h, wh, ŵh)

‖τh‖Th + ‖ηh‖Th
≥ min(1, C−2

P )

16 max(1 + tCPC0, tC0)
(‖(θh, θ̂h)‖Θ + ‖(wh, ŵh)‖W )

− C1

max(1 + tCPC0, tC0)
sh(θh, θ̂h, wh, ŵh; θh, θ̂h, wh, ŵh)1/2.

This yields the desired conclusion.
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4. A Priori Error Estimates

4.1. Primary error estimates

Lemma 4.1. Let (σ,γ, θ, w) ∈ ([L2(Ω)]2×2 ∩ S) × [L2(Ω)]2 × [H1
0 (Ω)]2 × H1

0 (Ω) be the weak solution to problem (5) with boundary
condition (2), then, for all (τh,ηh,βh, β̂h, vh, v̂h) ∈ Σh × Γh ×Θh × Θ̂0

h ×Wh × Ŵ 0
h , it holds

ah(Πo
mσ,Π

o
kγ; τh,ηh)− bh(τh,ηh; Πo

kθ,Π
∂
` θ,Π

o
kw,Π

∂
kw) = 0, (17a)

bh(Πo
mσ,Π

o
kγ;βh, β̂h, vh, v̂h) + sh(Πo

kθ,Π
∂
` θ,Π

o
kw,Π

∂
kw;βh, β̂h, vh, v̂h) = (f ,βh) + (g, vh) + E(βh, β̂h, vh, v̂h), (17b)

where

E(βh, β̂h, vh, v̂h) =sh(Πo
kθ,Π

∂
` θ,Π

o
kw,Π

∂
kw;βh, β̂h, vh, v̂h)− (vh,∇ ·Πo

k∇⊥p)Th + 〈v̂h,n ·Πo
k∇⊥p〉∂Th

+ 〈β̂h − βh,Πo
mσn− σn〉∂Th + 〈v̂h − vh,Πo

k∇r · n−∇r · n〉∂Th .

Proof. By the definitions of ah and bh, we get

ah(Πo
mσ,Π

o
kγ; τh,ηh)− bh(τh,ηh; Πo

kθ,Π
∂
` θ,Π

o
kw,Π

∂
kw)

=(C−1Πo
kσ, τh)Th + λ−1t2(Πo

kγ,ηh)Th + (Πo
kθ,∇ · τh)Th − 〈Π

∂
` θ, τhn〉∂Th

+ (Πo
kw,∇ · ηh)Th − 〈Π

∂
kw,∇ · ηh〉∂Th + (Πo

kθ,ηh)Th .

Apply the orthogonality of L2 projection, integration by parts and (5) to get

ah(Πo
mσ,Π

o
kγ; τh,ηh)− bh(τh,ηh; Πo

kθ,Π
∂
` θ,Π

o
kw,Π

∂
kw) = (C−1σ − ε(θ), τh)Th + (λ−1t2γ −∇w + θ,ηh)Th = 0

and

bh(Πo
mσ,Π

o
kγ;βh, β̂h, vh, v̂h) = −(βh,∇ ·Πo

mσ)Th + 〈β̂h,Πo
mσ · n〉∂Th − (vh,∇ ·Πo

k∇r)Th
+ 〈v̂h,n ·Πo

k∇r〉∂Th − (vh,∇ ·Πo
k∇⊥p)Th + 〈v̂h,n ·Πo

k∇⊥p〉∂Th − (βh,Π
o
kγ)Th

= −(βh,∇ · σ)Th + 〈β̂h − βh, (Πo
mσ − σ) · n〉∂Th − (vh,∆r)Th

+ 〈v̂h − vh,n · (Πo
k∇r −∇r)〉∂Th − (vh,∇ ·Πo

k∇⊥p)Th + 〈v̂h,n ·Πo
k∇⊥p〉∂Th − (βh,γ)Th

= (f ,βh)Th + (g, vh)Th + 〈β̂h − βh,Πo
mσn− σn〉∂Th + 〈v̂h − vh,Πo

k∇r · n−∇r · n〉∂Th
− (vh,∇ ·Πo

k∇⊥p)Th + 〈v̂h,n ·Πo
k∇⊥p〉∂Th ,

where we have used the relations 〈β̂h,σn〉∂Th = 0, 〈v̂h,∇r · n〉∂Th = 0, ∇ · σ = f and −∆r = g. Thus, the desired relations
(17a)-(17b) follow.

To simplify the notations, we set

ξσh := Πo
mσ − σh, ξγh := Πo

kγ − γh,

ξθh := Πo
kθ − θh, ξwh := Πo

kw − wh,

ξθ̂h := Π∂
` θ − θ̂h, ξŵh := Π∂

kw − ŵh.

Lemma 4.2. For any ηh ∈ Γh, it holds

−(ξwh ,∇ · ηh)Th + 〈ξŵh ,∇ · ηh〉∂Th = (ξθh,ηh)Th + λ−1t2(ξγh,ηh)Th . (18)

Proof. Since γ = λt−2(∇w − θ), we have

Πo
kγ = λt−2Πo

k(∇w − θ) = λt−2(Πo
k∇w −Πo

kθ).

Taking τh = 0 in (11a) yields

λ−1t2(γh,ηh)Th = −(wh,∇ · ηh)Th + 〈ŵh,∇ · ηh〉∂Th − (θh,ηh)Th , ∀ηh ∈ Γh.
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The two relations above, together with integration by parts, imply

(ξγh,ηh)Th = (Πo
kγ − γh,ηh)Th

= λt−2(Πo
k∇w −Πo

kθ,ηh)Th − λt
−2 [−(wh,∇ · ηh)Th + 〈ŵh,∇ · ηh〉∂Th − (θh,ηh)Th ]

= λt−2
[
−(ξwh ,∇ · ηh)Th + 〈ξŵh ,∇ · ηh〉∂Th − (ξθh,ηh)Th

]
,

which indicates

−(ξwh ,∇ · ηh)Th + 〈ξŵh ,∇ · ηh〉∂Th = (ξθh,ηh)Th + λ−1t2(ξγh,ηh)Th .

This completes the proof.

In what follows we suppose that the following regularity result holds:

‖θ‖k+1 + ‖σ‖k + ‖r‖k+1 + ‖p‖k + t‖p‖k+1 + ‖w‖k+1 . ‖f‖k−1 + ‖g‖k−1. (19)

From Theorem 2.1 we know that (19) holds true when k = 1.

Lemma 4.3. Let (σ,γ, θ, w) ∈ ([L2(Ω)]2×2 ∩ S) × [L2(Ω)]2 × [H1
0 (Ω)]2 × H1

0 (Ω) be the weak solution to problem (5) with boundary
condition (2) and (σh,γh, θh, θ̂h, wh, ŵh) ∈ Σh × Γh ×Θh × Θ̂0

h ×Wh × Ŵ 0
h be the solution to the HDG scheme (11). Then, under the

regularity condition (19), the following error estimate holds:

‖ξσh‖Th + t‖ξγh‖Th + ‖(ξθh, ξθ̂h)‖Θ + ‖(ξwh , ξŵh )‖W . hk (‖f‖k−1 + ‖g‖k−1) . (20)

Proof. Subtract (11a) and (11b) from (17a) and (17b), respectively, then we have the following error equations:ah(ξσh , ξ
γ
h; τh,ηh)− bh(τh,ηh; ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ) = 0,

bh(ξσh , ξ
γ
h;βh, β̂h, vh, v̂h) + sh(ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ;βh, β̂h, vh, v̂h) = E(βh, β̂h, vh, v̂h)

(21)

for all (τh,ηh,βh, β̂h, vh, v̂h) ∈ Σh × Γh ×Θh × Θ̂0
h ×Wh × Ŵ 0

h . Take (τh,ηh,βh, β̂h, vh, v̂h) = (ξσh , ξ
γ
h, ξ

θ
h, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ) in (21) and

add the two equations together to get

ah(ξσh , ξ
γ
h; ξσh , ξ

γ
h) + sh(ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ; ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ) = E(ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ). (22)

By (21) and the LBB condition in Theorem 3.1 we obtain

‖(ξθh, ξθ̂h)‖Θ + ‖(ξwh , ξŵh )‖W . sup
0 6=(τh,ηh)∈Σh×Γh

bh(τh,ηh; ξθh, ξ
θ̂
h, ξ

w
h , ξ

ŵ
h )

‖τh‖Th + t‖ηh‖Th
+ sh(ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ; ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h )1/2

. ah(ξσh , ξ
γ
h; ξσh , ξ

γ
h)1/2 + sh(ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ; ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h )1/2,

which, together with (6), (22) and the definition of ah, gives

‖ξσh‖2Th + t2‖ξγh‖
2
Th + ‖(ξθh, ξθ̂h)‖2Θ + ‖(ξwh , ξŵh )‖2W . E(ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ).

By the definition of E(·, ·, ·, ·), we write E(ξθh, ξ
θ̂
h, ξ

w
h , ξ

ŵ
h ) =

∑4
i=1 Ei with

E1 = 〈α(Π∂
`Π

o
kθ −Π∂

` θ),Π∂
` ξ
θ
h − ξθ̂h〉∂Th + 〈α(Πo

kw −Π∂
kw), vh − v̂h〉∂Th ,

E2 = −(ξwh ,∇ ·Πo
k∇⊥p)Th + 〈ξŵh ,n ·Πo

k∇⊥p〉∂Th ,

E3 = 〈ξθ̂h − ξθh,Πo
mσn− σn〉∂Th ,

E4 = 〈ξŵh − ξwh ,Πo
k∇r · n−∇r · n〉∂Th ,

and estimate them one by one. For the term E1 we have

E1 =〈α(Πo
kθ − θ),Π∂

` ξ
θ
h − ξθ̂h〉∂Th + 〈α(Πo

kw − w), vh − v̂h〉∂Th . hk(|θ|k+1 + |w|k+1)sh(ξθh, ξ
θ̂
h, ξ

w
h , ξ

ŵ
h ; ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h )1/2.

It is well known that there exists an interpolation Ih : H1(Ω)→ H1(Ω) ∩ Pk+1(Th) such that for all p ∈ Hs(Ω) with 1 ≤ s ≤ k + 1, it
holds the approximation property

‖p− Ihp‖Th + h|p− Ihp|1 . hs|p|s, 1 ≤ s ≤ k + 1, (23)
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where Pk+1(Th) is the set of piecewise polynomials on Th of degree at most k + 1. Then we apply (18), integration by parts and (23)
to get

E2 = −(ξwh ,∇ · (Πo
k∇⊥p−∇⊥Ihp))Th + 〈ξŵh ,n · (Πo

k∇⊥p−∇⊥Ihp)〉∂Th
= (λ−1t2ξγh + ξθh,∇⊥(p− Ihp))Th

= (λ−1t2ξγh,∇
⊥(p− Ihp))Th − (∇⊥ · ξθh, p− Ihp)Th + 〈n · (ξθh − ξθ̂h), p− Ihp〉∂Th

. hkt2‖ξγh‖Th |p|k+1 + hk

∑
T∈Th

h−1
T ‖Π

∂
` ξ
θ
h − ξθ̂h‖2∂T

1/2

|p|k + hk‖∇ξθh‖Th |p|k

. hk(t|p|k+1 + |p|k)(t‖ξγh‖Th + ‖(ξθh, ξθ̂h)‖Θ). (24)

From Cauchy-Schwarz’s inequality and Lemma 2.1, it follows that

E3 =〈ξθ̂h − ξθh,Πo
mσn− σn〉∂Th

=〈ξθ̂h −Π∂
` ξ
θ
h,Π

o
mσn− σn〉∂Th + 〈Π∂

` ξ
θ
h − ξθh,Πo

mσn− σn〉∂Th

.hk|σ|k‖(ξθh, ξθ̂h)‖Θ

and

E4 = 〈ξŵh − ξwh ,Πo
k∇r · n−∇r · n〉∂Th . hk|r|k+1‖α1/2(ξŵh − ξwh )‖∂Th .

Combining the above estimates of Ei, we get

‖ξσh‖2Th + t2‖ξγh‖
2
Th + ‖(ξθh, ξθ̂h)‖2Θ + ‖(ξwh , ξŵh )‖2W

.hk(|θ|k+1 + |w|k+1 + |r|k+1 + t|p|k+1 + |p|k + |σ|k)
(
t‖ξγh‖Th + ‖(ξθh, ξθ̂h)‖Θ + ‖(ξwh , ξŵh )‖W

)
,

which, together with (19), leads to the desired conclusion.

Finally, in light of Lemma 4.3 and the triangle inequality, we easily obtain the following error estimate:

Theorem 4.1. Under the conditions of Lemma 4.3, it holds

‖σ − σh‖Th + ‖∇θ −∇θh‖Th + ‖∇w −∇wh‖Th + t‖γ − γh‖Th . hk (‖f‖k−1 + ‖g‖k−1) .

4.2. L2 error estimate

In order to derive the L2-error estimation for the transverse displacement and rotation approximations, we shall perform the Aubin-
Nitsche duality argument. To this end, we introduce an auxiliary problem:

C−1ς − ε(ϑ) = 0 in Ω,

−∇ · ς − φ = ξθh in Ω,

−∇ · φ = ξwh in Ω,

λ−1t2φ− (∇ψ − ϑ) = 0 in Ω,

ϑ = 0, ψ = 0 on ∂Ω.

(25)

When Ω is a convex polygon or a smoothly bounded domain, by Theorem 2.1 we have

‖ς‖1 + ‖ϑ‖2 + ‖φ‖Th + t‖φ‖1 + ‖ψ‖2 + ‖s‖2 + ‖q‖1 + t‖q‖1 . ‖ξθh‖Th + ‖ξwh ‖Th , (26)

where s ∈ H1
0 (Ω), q ∈ H1(Ω) ∩ L2

0(Ω) satisfy the Helmholtz decomposition of ψ, i.e. ψ = ∇s+∇⊥q.

We are now ready to show the L2-error estimation for the rotation and displacement.

Theorem 4.2. Under the regularity assumption (26) and the conditions of Lemma 4.3, it holds

‖θ − θh‖Th + ‖w − wh‖Th . hk+1(‖f‖k−1 + ‖g‖k−1).
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Proof. Similar to Lemma 4.1, for all (τh,ηh,βh, β̂h, vh, v̂h) ∈ Σh × Γh ×Θh × Θ̂0
h ×Wh × Ŵ 0

h , we can get

ah(Πo
kς,Π

o
kφ; τh,ηh)− bh(τh,ηh; Πo

kϑ,Π
∂
`ϑ,Π

o
kψ,Π

∂
kψ) = 0, (27)

bh(Πo
kς,Π

o
kφ;βh, β̂h, vh, v̂h) + sh(Πo

kϑ,Π
∂
`ϑ,Π

o
kψ,Π

∂
kψ;βh, β̂h, vh, v̂h) = (ξθh,βh)Th + (ξwh , vh)Th + E∗(βh, β̂h, vh, v̂h), (28)

where

E∗(βh, β̂h, vh, v̂h) :=sh(Πo
kϑ,Π

∂
`ϑ,Π

o
kψ,Π

∂
kψ;βh, β̂h, vh, v̂h) + [−(vh,∇ ·Πo

k∇⊥q)Th + 〈vh,n ·Πo
k∇⊥q〉∂Th ]

+ 〈β̂h − βh,Πo
mςn− ςn〉∂Th + 〈v̂h − vh,Πo

k∇s · n−∇s · n〉∂Th .

Then we have

‖ξθh‖2Th + ‖ξwh ‖2Th =bh(Πo
kς,Π

o
kφ; ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ) + sh(Πo

kϑ,Π
∂
`ϑ,Π

o
kψ,Π

∂
kψ; ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h )− E∗(ξθh, ξθ̂h, ξwh , ξŵh )

=ah(Πo
kς,Π

o
kφ; ξσh , ξ

γ
h) + sh(Πo

kϑ,Π
∂
`ϑ,Π

o
kψ,Π

∂
kψ; ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h )− E∗(ξθh, ξθ̂h, ξwh , ξŵh )

=E(Πo
kϑ,Π

∂
`ϑ,Π

o
kψ,Π

∂
kψ)− E∗(ξθh, ξθ̂h, ξwh , ξŵh ). (29)

From the fact that (∇ψ,∇⊥p) = 0 and the identity λ−1t2φ− (∇ψ − ϑ) = 0 in (25), it follows

−(Πo
kψ,∇ ·Πo

k∇⊥p)Th + 〈Π∂
kψ,n ·Πo

k∇⊥p〉∂Th = − (ψ,∇ ·Πo
k∇⊥p)Th + 〈ψ,n ·Πo

k∇⊥p〉∂Th
= (Πo

k∇ψ −∇ψ,∇⊥p−Πo
k∇⊥p)Th

= (λ−1t2(Πo
kφ− φ)Th − (Πo

kϑ− ϑ),∇⊥p−Πo
k∇⊥p)Th

. hk+1(t2|φ|1|p|k+1 + |ϑ|2|p|k).

Thus,

E(Πo
kϑ,Π

∂
`ϑ,Π

o
kψ,Π

∂
kψ) . hk+1(|w|k+1 + |r|k+1 + t|p|k+1 + |p|k + |σ|k)(t|φ|1 + |ϑ|2 + |ψ|2)

. hk+1(|w|k+1 + |r|k+1 + t|p|k+1 + |p|k + |σ|k)(‖ξθh‖Th + ‖ξwh ‖Th). (30)

We use the same estimation in (24) to get

(ξwh ,∇ ·Π∂
k∇⊥q)Th − 〈ξ

ŵ
h , n ·Π∂

k∇⊥q〉∂Th . h(t|q|2 + |q|1)(t‖ξγh‖Th + ‖(ξθh, ξθ̂h)‖Θ),

which, together with the definition of E∗(·, ·, ·, ·), (26) and (20), yields

−E∗(ξθh, ξθ̂h, ξwh , ξŵh ) . sh(Πo
kϑ,Π

∂
`ϑ,Π

o
kψ,Π

∂
kψ; Πo

kϑ,Π
∂
`ϑ,Π

o
kψ,Π

∂
kψ)1/2sh(ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h ; ξθh, ξ

θ̂
h, ξ

w
h , ξ

ŵ
h )1/2

+ h(t|q|2 + |q|1)(t‖ξγh‖Th + ‖(ξθh, ξθ̂h)‖Θ) + h|ς|1‖(ξθh, ξθ̂h)‖Θ + h|s|2‖(ξwh , ξŵh )‖W

. h(t|q|2 + |q|1)(t‖ξγh‖Th + ‖(ξθh, ξθ̂h)‖Θ) + h(|ϑ|2 + |ψ|2 + |ς|1 + |s|2)(‖(ξθh, ξθ̂h)‖Θ + ‖(ξwh , ξŵh )‖W )

. hk+1(‖ξθh‖Th + ‖ξwh ‖Th)(|θ|k+1 + |w|k+1 + |r|k+1 + t|p|k+1 + |p|k + |σ|k). (31)

The desired conclusion follows from (29), (30), (31), the triangle inequality and the assumption (19).

5. Numerical experiments

This section provides some numerical results to verify the performance of the HDG scheme (11). Although the theoretical results are
obtained only on conforming triangles meshes, the numerical experiments are performed on quadrangle and nonconforming meshes
as well. All tests are programmed in C++ using the Eigen[32] library.

5.1. Square plate I

We compute a square plate with analytical solution to show the convergence. This example is taken from[36]. The domain Ω is the unit
square (0, 1)2, the material parameters are taken as E = 1.0, ν = 0.3 and κ = 5

6
, and the HC boundary condition (2) is considered.

The exact solution (θ, w) of (1) is of the form
θ =

(
100y3(y − 1)3x2(x− 1)2(2x− 1), 100x3(x− 1)3y2(y − 1)2(2y − 1)

)T
,

w = 100

(
1

3
x3(x− 1)3y3(y − 1)3 − 2t2

5(1− ν)
[y3(y − 1)3x(x− 1)(5x2 − 5x+ 1) + x3(x− 1)3y(y − 1)(5y2 − 5y + 1)]

)
.
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Therefore, the body force and the transverse loading are{
f = (0, 0)T ,

g =
(
x3(x− 1)3(5y2 − 5y + 1) + y3(y − 1)3(5x2 − 5x+ 1) + x(x− 1)y(y − 1)(5x2 − 5x+ 1)(5y2 − 5y + 1)

)
,

(32)

where D = E
12(1−ν2)

.

Three types of meshes are shown in Figs. 1-3. We compute two cases with the pane thick t = 1 and t = 10−10. The results are listed
in Tables 1-6. From the results we can see that our HDG scheme (11), with k = 1, 2, 3, yields optimal convergence rates which are
uniform with respect to the plane thickness t, i.e. k−th order rate for ‖σ−σh‖Th , ‖∇θ−∇θh‖Th , ‖∇w−∇wh‖Th and t‖γ − γh‖Th ,
and (k + 1)−th order rate for ‖θ − θh‖Th and ‖w − wh‖Th . These are conformable to the theoretical results of Theorems 4.1-4.2.

Fig. 1. Triangle meshes for square plate

Fig. 2. Ladder-shaped meshes for square plate
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Fig. 3. Nonconforming quadrangle meshes for square plate

Table 1. Results for k = l = m = 1 with t = 1: Triangle meshes

Mesh
‖θ−θh‖Th
‖θ‖Th

‖∇θ−∇θh‖Th
‖∇θ‖Th

‖σ−σh‖Th
‖σ‖Th

Error Rate Error Rate Error Rate
4× 4 2.9721E-01 5.5297E-01 3.9414E-01
8× 8 9.7762E-02 1.60 3.3619E-01 0.72 1.9373E-01 1.02

16× 16 2.6467E-02 1.89 1.7776E-01 0.92 9.5498E-02 1.02
32× 32 6.7567E-03 1.97 9.0160E-02 0.98 4.7520E-02 1.01
64× 64 1.6982E-03 1.99 4.5243E-02 0.99 2.3729E-02 1.00

128× 128 4.2511E-04 2.00 2.2642E-02 1.00 1.1861E-02 1.00

Mesh
‖w−wh‖Th
‖w‖0

‖∇w−∇wh‖Th
‖∇w‖0

(t+h)‖γ−γh‖Th
‖γ‖0

Error Rate Error Rate Error Rate
4× 4 2.6245E-01 9.9710E-01 3.8978E-01
8× 8 7.7770E-02 1.75 5.7070E-01 0.80 1.5503E-01 1.33

16× 16 2.0450E-02 1.93 2.9689E-01 0.94 6.9436E-02 1.16
32× 32 5.1820E-03 1.98 1.4974E-01 0.99 3.3179E-02 1.07
64× 64 1.3000E-03 1.99 7.5026E-02 1.00 1.6272E-02 1.03

128× 128 3.2529E-04 2.00 3.7533E-02 1.00 8.0651E-03 1.01

Table 2. Results for k = l = m = 1 with t = 10−10: Triangle meshes

Mesh
‖θ−θh‖Th
‖θ‖0

‖∇θ−∇θh‖Th
‖∇θ‖0

‖σ−σh‖Th
‖σ‖0

Error Rate Error Rate Error Rate
4× 4 2.4099E-01 5.2117E-01 3.4890E-01
8× 8 7.5130E-02 1.68 3.2445E-01 0.68 1.8084E-01 0.95

16× 16 1.8950E-02 1.99 1.7547E-01 0.89 9.3011E-02 0.96
32× 32 4.6814E-03 2.02 8.9824E-02 0.97 4.7164E-02 0.98
64× 64 1.1649E-03 2.01 4.5197E-02 0.99 2.3683E-02 0.99

128× 128 2.9085E-04 2.00 2.2635E-02 1.00 1.1855E-02 1.00

Mesh
‖w−wh‖Th
‖w‖0

‖∇w−∇wh‖Th
‖∇w‖0

(t+h)‖γ−γh‖Th
‖γ‖0

Error Rate Error Rate Error Rate
4× 4 1.1204E+00 4.9179E+00 2.5000E-01
8× 8 1.5803E-01 2.83 1.3865E+00 1.83 1.2500E-01 1.00

16× 16 2.2226E-02 2.83 3.8571E-01 1.85 6.2500E-02 1.00
32× 32 3.5818E-03 2.63 1.2377E-01 1.64 3.1250E-02 1.00
64× 64 7.1592E-04 2.32 4.9418E-02 1.32 1.5625E-02 1.00

128× 128 1.6578E-04 2.11 2.2879E-02 1.11 7.8125E-03 1.00
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Table 3. Results for k = l + 1 = m+ 1 = 2 with t = 1: Ladder-shaped meshes

Mesh
‖θ−θh‖Th
‖θ‖0

‖∇θ−∇θh‖Th
‖∇θ‖0

‖σ−σh‖Th
‖σ‖0

Error Rate Error Rate Error Rate
4× 4 7.7832E-02 3.1407E-01 2.8919E-01
8× 8 1.1931E-02 2.71 9.7364E-02 1.69 8.7805E-02 1.72

16× 16 1.8504E-03 2.69 2.7373E-02 1.83 2.3720E-02 1.89
32× 32 2.6185E-04 2.82 7.2957E-03 1.91 6.1291E-03 1.95
64× 64 3.4723E-05 2.91 1.8826E-03 1.95 1.5552E-03 1.98

128× 128 4.4622E-06 2.96 4.7791E-04 1.98 3.9150E-04 1.99

Mesh
‖w−wh‖Th
‖w‖0

‖∇w−∇wh‖Th
‖∇w‖0

(t+h2)‖γ−γh‖Th
‖γ‖0

Error Rate Error Rate Error Rate
4× 4 9.6871E-02 4.6849E-01 1.4047E-01
8× 8 1.3449E-02 2.85 1.3844E-01 1.76 2.8855E-02 2.28

16× 16 1.6913E-03 2.99 3.6252E-02 1.93 6.5449E-03 2.14
32× 32 2.0993E-04 3.01 9.1628E-03 1.98 1.5889E-03 2.04
64× 64 2.6105E-05 3.01 2.2977E-03 2.00 3.9380E-04 2.01

128× 128 3.2534E-06 3.00 5.7499E-04 2.00 9.8155E-05 2.00

Table 4. Results for k = l + 1 = m+ 1 = 2 with t = 10−10: Ladder-shaped meshes

Mesh
‖θ−θh‖Th
‖θ‖0

‖∇θ−∇θh‖Th
‖∇θ‖0

‖σ−σh‖Th
‖σ‖0

Error Rate Error Rate Error Rate
4× 4 6.5594E-02 3.1506E-01 2.8704E-01
8× 8 1.0066E-02 2.70 9.6546E-02 1.71 8.7164E-02 1.72

16× 16 1.4578E-03 2.79 2.6454E-02 1.87 2.3500E-02 1.89
32× 32 2.1777E-04 2.74 7.0561E-03 1.91 6.0716E-03 1.95
64× 64 3.1158E-05 2.81 1.8443E-03 1.94 1.5425E-03 1.98

128× 128 4.1709E-06 2.90 4.7227E-04 1.97 3.8864E-04 1.99

Mesh
‖w−wh‖Th
‖w‖0

‖∇w−∇wh‖Th
‖∇w‖0

(t+h2)‖γ−γh‖Th
‖γ‖0

Error Rate Error Rate Error Rate
4× 4 5.3199E-01 3.0600E+00 6.2500E-02
8× 8 3.7876E-02 3.81 4.8988E-01 2.64 1.5625E-02 2.00

16× 16 2.5500E-03 3.89 6.7529E-02 2.86 3.9063E-03 2.00
32× 32 1.7372E-04 3.88 9.9753E-03 2.76 9.7656E-04 2.00
64× 64 1.3356E-05 3.70 1.7924E-03 2.48 2.4414E-04 2.00

128× 128 1.2819E-06 3.38 3.9266E-04 2.19 6.1035E-05 2.00

Table 5. Results for k = l + 1 = m+ 1 = 3 with t = 1: Nonconforming meshes

Mesh
‖θ−θh‖Th
‖θ‖0

‖∇θ−∇θh‖Th
‖∇θ‖0

‖σ−σh‖Th
‖σ‖0

Error Rate Error Rate Error Rate
4× 4 3.5007E-02 1.4850E-01 1.2049E-01
8× 8 1.6536E-03 4.40 1.7657E-02 3.07 1.5091E-02 3.00

16× 16 9.5059E-05 4.12 2.1713E-03 3.02 1.9100E-03 2.98
32× 32 5.2505E-06 4.18 2.5643E-04 3.08 2.2745E-04 3.07
64× 64 2.9668E-07 4.15 3.0472E-05 3.07 2.7106E-05 3.07

Mesh
‖w−wh‖Th
‖w‖0

‖∇w−∇wh‖Th
‖∇w‖0

(t+h3)‖γ−γh‖Th
‖γ‖0

Error Rate Error Rate Error Rate
4× 4 3.6904E-02 1.8311E-01 6.9324E-02
8× 8 2.9256E-03 3.66 2.9497E-02 2.63 6.4868E-03 3.42

16× 16 1.5034E-04 4.28 3.2052E-03 3.20 7.0521E-04 3.20
32× 32 7.9527E-06 4.24 3.5503E-04 3.17 7.6865E-05 3.20
64× 64 4.3067E-07 4.21 4.0630E-05 3.13 8.7066E-06 3.14

Numer. Anal. Appl. Math., 2020, 1(1), 10-26. 21



Chen et al.,

Table 6. Results for k = l + 1 = m+ 1 = 3 with t = 10−10: Nonconforming meshes

Mesh
‖θ−θh‖Th
‖θ‖0

‖∇θ−∇θh‖Th
‖∇θ‖0

‖σ−σh‖Th
‖σ‖0

Error Rate Error Rate Error Rate
4× 4 2.8790E-02 1.4409E-01 1.1992E-01
8× 8 1.4758E-03 4.29 1.7400E-02 3.05 1.5056E-02 2.99

16× 16 8.7510E-05 4.08 2.1514E-03 3.02 1.9066E-03 2.98
32× 32 5.0320E-06 4.12 2.5565E-04 3.07 2.2729E-04 3.07
64× 64 2.9100E-07 4.11 3.0455E-05 3.07 2.7102E-05 3.07

Mesh
‖w−wh‖Th
‖w‖0

‖∇w−∇wh‖Th
‖∇w‖0

(t+h3)‖γ−γh‖Th
‖γ‖0

Error Rate Error Rate Error Rate
4× 4 2.7780E-01 1.9311E+00 1.5625E-02
8× 8 7.4371E-03 5.22 1.1006E-01 4.13 1.9531E-03 3.00

16× 16 2.8842E-04 4.69 8.0965E-03 3.76 2.4414E-04 3.00
32× 32 8.6548E-06 5.06 5.1452E-04 3.98 3.0518E-05 3.00
64× 64 2.5255E-07 5.10 3.6934E-05 3.80 3.8148E-06 3.00

5.2. Square Plate II

In this example, the domain is set as Ω = (0, L)2 with L = 10, and the material parameters are taken as E = 10920, ν = 0.3, κ =
5
6
, f = 0, g = 1. Both the hard clamped (HC) and soft simply supported (SSS) boundary conditions are considered. The meshes are as

same as in Figs. 1-3. The results in Table 7, where wc and Mc are respectively the displacement wh and the moment maxi,j |(σh)i,j |
at the center of the plate on the 192× 192 mesh, show that the HDG method with k = l = m = 1 is of uniformly good accuracy.

Table 7. Results for Square Plate II on 192× 192 mesh (k = l = m = 1)

t 10−1 10−4 10−6 10−9 10−14 Reference
HC condition wc/(10−5gL4/D) 126.8 126.5 126.5 126.5 126.5 126.5
Triangle mesh Mc/(10−4gL2/D) 229.1 229.1 229.1 229.1 229.1 231.0
HC condition wc/(10−5gL4/D) 126.8 126.5 126.5 126.5 126.5 126.5

Ladder-shaped mesh Mc/(10−4gL2/D) 229.1 229.1 229.1 229.1 229.1 231.0
HC condition wc/(10−5gL4/D) 126.8 126.5 126.5 126.5 126.5 126.5

Nonconforming mesh Mc/(10−4gL2/D) 229.1 229.1 229.1 229.1 229.1 231.0
SSS condition wc/(10−5gL4/D) 410.0 407.1 407.1 407.1 407.1 406.2*

Triangle mesh Mc/(10−4gL2/D) 482.1 479.6 479.6 479.6 479.6 479.0
SSS condition wc/(10−5gL4/D) 410.2 407.6 407.6 407.6 407.6 406.2*

Ladder-shaped mesh Mc/(10−4gL2/D) 482.3 480.2 480.2 480.2 480.2 479.0
SSS condition wc/(10−5gL4/D) 410.2 407.4 407.4 407.4 407.4 406.2*

Nonconforming mesh Mc/(10−4gL2/D) 482.1 479.9 479.9 479.9 479.9 479.0
* 406.4 for t = 10−1.

Fig. 4. Triangle meshes for Razzaque’s skew plate
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Fig. 5. Quadrangle meshes for Razzaque’s skew plate

5.3. Razzaque’s skew plate (60◦)

The domain and computational meshes in Figs. 4-5 are simply obtained by multiplying the mesh coordinates in Figs. 1-2 by the matrix

A = 100

(
1 1

2

0
√

3
2

)
.

The material parameters are taken as E = 1280, κ = 5
6
, ν = 0.3, L = 100, f = 0, g = 1 and t = 0.1. The plate is simply supported

on the upper-side and under-side and free on the other two sides. The results in Table 8, where the central principal moments
M1
c = (σh)11 and M2

c = (σh)22, show that the HDG method with k = l = m = 1 is of good accuracy.

Fig. 6. Triangle meshes for Morley’s simply supported rhombic plate

Fig. 7. Quadrangle meshes for Morley’s simply supported rhombic plate

Table 8. Results for Razzaque’s skew plate (60◦) (k = l = m = 1)

Mesh 32× 32 64× 64 128× 128 192× 192 Reference*

wc/(10−3L4/D) 7.998748 7.951844 7.930071 7.923238 7.945
Triangle −M1

c /(10
−2gL2) 1.406363 1.501475 1.542217 1.554424

Mesh −M2
c /(10

−2gL2) 9.653932 9.627260 9.613297 9.608788 9.589
wc/(10−3L4/D) 8.066981 7.986796 7.946969 7.934098 7.945

Qarangle −M1
c /(10

−2gL2) 1.284099 1.445068 1.517459 1.539256
Mesh −M2

c /(10
−2gL2) 9.703351 9.650286 9.624435 9.616006 9.589

* Finite difference solution on 16 × 16 mesh.[50]

Numer. Anal. Appl. Math., 2020, 1(1), 10-26. 23



Chen et al.,

Table 9. Results for Morley’s soft simply supported rhombic plate (30◦) (k = l = m = 1)

Mesh t = 1 t = 0.01
wc

10−3gL4/D
− M1

c
10−2gL2 − M2

c
10−2gL2

wc
10−3gL4/D

− M1
c

10−2gL2 − M2
c

10−2gL2

SSS 32× 32 0.436418 1.243484 1.947566 0.435064 1.241963 1.944920
condition 64× 64 0.430739 1.220826 1.920798 0.428567 1.216877 1.915387
Triangle 128× 128 0.427308 1.207124 1.908869 0.423628 1.198215 1.898636

mesh 192× 192 0.426164 1.202756 1.905353 0.421298 1.189744 1.891450
Reference 0.408* 1.08 1.91 0.419**

SSS 32× 32 0.438826 1.238748 1.944255 0.437723 1.237821 1.942615
condition 64× 64 0.430380 1.221711 1.923048 0.430314 1.218984 1.919273

Quadrangle 128× 128 0.427837 1.208232 1.910332 0.424865 1.201452 1.902543
mesh 192× 192 0.426396 1.203286 1.906013 0.422338 1.192829 1.894809

Reference 0.408* 1.08 1.91 0.419**

* A three-dimensional solution by Babuška and Scapolla[6] is 0.423.
** Two-dimensional solution by Carstensen, Xie, Yu and Zho.u[?]

5.4. Morley’s simply supported rhombic plate (30◦)

This test is a very critical one. The domain and computational meshes in Figs. 6-7 are simply obtained by multiplying the meshes in
Figs. 1-2 by the matrix

A = 100

(
1

√
3

2

0 1
2

)
.

The material parameters are taken as E = 1000, κ = 5
6
, ν = 0.3, L = 100, f = 0, g = 1. The soft simply supported boundary condition

is used. The results in Table 9 show that the HDG method with k = l = m = 1 is of good accuracy.

6. Conclusion

In this paper we have developed an arbitrary order shear-locking-free HDG method for numerical analysis of the Reissner-Mindlin
plates. Optimal error estimates which are uniform in the plate thickness have been derived, and numerical experiments have confirmed
the theoretical analysis.
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