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1. Introduction 

Differential equations with a small parameter 10   multiplying the highest order derivative are called singularly perturbed differential 

equations Mathematically, any differential equation in which the highest derivative is multiplied by a small positive parameter   and 

containing at least one delay/advance parameter, is known as a singularly perturbed differential-difference equation.
[1]

 Such type of equations 

arises frequently from the mathematical modeling of various practical phenomena, for example, in the modeling of the human pupil-light 

reflex,
[2]

 the study of bi stable devices,
[3]

 and vibrational problems in control theory,
[4]

 etc. When perturbation parameter  is very small, most 

numerical methods for solving such problems may be unstable and give inaccurate results. So, it is important to develop suitable numerical 

methods to solve singularly perturbed delay differential equations. 

      Hence, in the recent times, many researchers have been trying to develop numerical methods for solving singularly perturbed delay 

differential equations. For example, the authors in 
[5]

 proposed computational method of first order for singularly perturbed delay reaction-

diffusion equations with layer or oscillatory behaviour. Authors in 
[6]

 presented fourth order finite difference scheme for second order 

singularly perturbed differential–difference equation with negative shift. Authors of 
[7]

 presented exponentially fitted second order finite 

difference scheme for a class of singularly perturbed delay differential equations with large delay. In 
[8]

 the numerical solution of singularly 

perturbed differential-difference equations with dual layer was presented. Recently, the authors in 
[9]

 presented computational method for 

solving singularly perturbed delay differential equation with twin layers or oscillatory behaviour. But, still there is a lack of accuracy because of 

the treatment of singularly perturbed problems is not trivial and the solution depends on perturbation parameter   and mesh size h .
[10-12]

 

Due to this, numerical treatment of singularly perturbed delay differential equations needs improvement. Therefore, it is important to develop 

more accurate and convergent numerical method for solving singularly perturbed delay differential equations. 

       Thus, the purpose of this study is to develop stable, convergent and more accurate numerical method for solving singularly perturbed 

delay differential equations. 

 

2. Description of the method  

 Consider the following singularly perturbed delay differential equation of the form:  
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2 ( ) ( ) ( ) ( ) ( ),  0 1y a x y x b x y x f x x                                                                                               (1) 

 

subject to the interval and boundary conditions, 

 

( ) ( ),  for 0 and (1)y x x x y                                                                                             (2) 

 

where  is perturbation parameter, 10   and  is a small delay parameter of ( ),0 1,O     ( ), ( ), ( ) and ( )a x b x f x x are bounded 

smooth functions and 
 
is a given constant. The layer or oscillatory behaviour of the problem under consideration is maintained for 0   

but sufficiently small, depending on the sign of ( ) ( ),a x b x for all (0,1).x  If ( ) ( ) 0,a x b x   the solution of the problem in equations (1) and 

(2) exhibits layer behaviour and if ( ) ( ) 0,a x b x   it exhibits oscillatory behaviour. Therefore, if the solution exhibits layer behaviour, there 

will be two boundary layers which will occur at both end points 0x   and 1x  .
[12]

 

By using Taylor series expansion in the neighborhood of ,x we have: 

 

                                      
2( ) ( ) ( ) ( )y x y x y x O                                                                     (3) 

 

Substituting equation (3) into equation (1), we obtain an asymptotically equivalent singularly perturbed two point boundary value problem: 

 

                     
2 ( ) ( ) ( ) ( ) ( ) ( )y x p x y x q x y x f x    

                                                                                            
(4) 

 

Where, ( ) ( ),     ( ) ( ) ( )p x a x q x a x b x     

 

under boundary conditions, 

 

    0(0) ,  (1)y y                                                                                                                                              (5) 

 

Discretizing the given interval [0, 1] in to N  equal parts with constant mesh size ,h we have 0 ,   0,1,2,..., .ix x ih i N  
 

 

Using the Taylor’s expansions of 1iy   and 1iy   up to 5( ),O h we get the finite difference approximations for iy  and iy  as 

 

                                                                 
2

1 1
1

2 6

i i
i i

y y h
y y

h
 

                                                                                                                                  (6) 

 

where 
4

(5)
1 1( ),

20

h
y    for 1 1[ , ],i ix x   and  

                                                          
2

(4)1 1
22

2

12

i i i
i i

y y y h
y y

h
  

                                                                                                                            (7) 

 

where 
4

(6)
2 2( ),

360

h
y    for 2 1[ , ].i ix x    

 

Substituting equations (6) and (7) in to equation (4) and simplifying, we obtain: 

 

                                      
2 2 2 2

(4)
1 1 1 12

2
2 6 12

i
i i i i i i i i i i ii

p h h
y y y y y p y y q y f

hh

 
                                                                 (8) 

 

where 
2

4 (5) (6) 5
1 2( ) ( ) ( )

120 360

i
i

p
h y y O h


  

 
   

 
 

  is the local truncation error and ( ) ,  ( ) ,  ( )i i i i i ip x p q x q f x f    and ( ).i iy y x
 

 

By successively differentiating both sides of equation (4) and evaluating at  ,ix  and using into equation (8), we obtain:  
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2 2 22 2
2

1 1 1 12 2 2
2 2

2 66

( ) ,

i i i
i i i i i i i i

i i i i i i i

p h p ph
y y y y y p q y

hh

A y B b y f C




 
   

   
           

   

    

                                                   (9) 

where, 

2 2

2 2

2 2

2 2

2 2

2

( ) ( ) 2
126

126

1212

i
i i i i i i i i

i i
i i i i

i
i i i i i

ph h
A p p q p q p q

p qh h
B p q q

a h h
C f f f

 

 




  
          

 


 
     

 

     



 

 Now, introducing a fitting parameter   and using central difference approximation for 
iy and 

iy  in equation (9), we have 

 

                       

    
2 22 2

1 1 1 12 2

1
1 (2 ) 2

12 212

( )

i
i i i i i i i i i

i i i i i

h p h
p q y y y p A y y

hh

B q y f C




   

  
        

  

   

                                                                       (10) 

 

Multiplying both sides of equation (10) by h  and taking the limit as 0,h we obtain: 

 

                                                    2 2
1 1 1 1

0 0
12 lim 2 lim 0

12 2

i
i i i i i i

h h

p
p y y y y y





   

 
                                                                    (11) 

where 
2

.
h






 
From the theory of singular perturbations and 

[13]
, we have two cases for ( ) 0p x  and ( ) 0.p x   

Case 1: For ( ) 0p x  (right-end boundary layer), we have: 

 

 

2

2

1
(0)

(0) (0)
1 1 0 0

0

1
(0)

(0) (0)
1 1 0 0

0

lim ( 2 ) ( (0)) 2

lim ( ) ( (0))

p i
p p

i i i
h

p i
p p

i i
h

y y y y e e e

y y y e e e


 






 





 
  

 
 



 
  

 
 




      



    


 

Thus, from equation (11), we get: 

2 2

6 (0) (0)
(0) coth

2(12 (0))

p p

p

 




 
  

  
 

Case 2: For ( ) 0p x  (left-end boundary layer), we have: 

 

 

2

2

1
(1)

(1) (1)
1 1 0 0

0

1
(1)

(1) (1)
1 1 0 0

0

lim ( 2 ) ( (1)) 2

lim ( ) ( (1))

p i
p p

i i i
h

p i
p p

i i
h

y y y y e e e

y y y e e e


 






 





 
  

 
 



 
  

 
 




      



    


 

Thus, from equation (11), we get: 

2 2

6 (1) (1)
(1) coth

2(12 (1))

p p

p

 




 
  

  
 

 

      In general, for discretization, we take a variable fitting parameter as: 

 

                                                 
2

6
coth

2(12 ( ) )

i i i i
i

i i

p p

p

 




 
  

  
                                                                                                                              (12) 

where 
2

.i

h



  

Simplifying equation (10), we get the tri-diagonal system of the equation of the form 
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                                            1 1 ,  for 1,2,..., 1.N
i i i i i i iL E y F y G y H i N      

                                                                                      
(13) 

where 

2 2 2

2

2 2 2

2

2 2 2

2

1
(2 ) ( )

12 12 2

2
(2 )

6 6

1
(2 ) ( )

12 12 2

i i i i
i i i i i

i i i i
i i i i i

i i i i
i i i i i

i i i

p
E p q p A

hh

p
F p q p B

h

p
G p q p A

hh

H f C

    

    

    


     



      


      



 

 

The tri-diagonal system in equation (13) can be easily solved by Thomas algorithm with help of Matlab 2013. 

 

3. Stability and convergence analysis  

Case 1: Layer Behavior (i.e. ( )  ( ) 0,a x b x  for (0,1).x Thus ( ) 0,q x   since 2 0)    

Lemma 1: (Continuous minimum principle) If (0) 0y   and ( ) 0,Ly x   for all (0,1),x  then the solution ( ) 0y x   for all [0,1]x  for equations 

(4) and (5). 

Proof: Suppose (0,1),t such that 
(0,1)

( ) min ( )
x

y t y x


  and ( ) 0.y t  since {0,1}t   and is a point of minima, then ( ) 0y t    and ( ) 0.y t    

Therefore, we have  

2( ) ( ) ( ) ( ) ( ) ( ) 0,Ly t y t p t y t q t y t       Since ( ) 0y t   (by assumption) and ( ) 0.q t   But this is a contradiction. Then, it follows that 

( ) 0y x   for [0,1].x
 

Theorem 1: If the solution of the problem in equations (4) and (5) satisfies 

 

(0,1)
( ) max (0) , max ( )

x
y x K y Ly x



 
  

   
for some constant 1K  , then the solution is stable. 

Proof: We define two functions,
(0,1)

( ) max (0) , max ( ) ( )
x

x K y Ly x y x 



 
  

 
. Then we get (0) 0   and 

(0,1)
( ) ( )max (0) , max ( ) ( ) 0,

x
L x Kq x y Ly x Ly x 



 
   

   

since ( ) 0q x   and for suitable choice of .K Therefore, by lemma 1, we get, ( ) 0,x   for all (0,1).x

  
So, 

(0,1)
( ) max (0) , max ( ) .

x
y x K y Ly x



 
  

   
Hence, the stability of the solutions of the problem in equations (4) and (5) is proved for the case of the layer behavior.  

Lemma 2: The finite difference operator NL in equation (13) satisfies the discrete minimum principle. i.e. if iw is any mesh function such that 

0 0w   and 0,N
iL w   for all (0,1),ix   then 0 iw  for all [0,1].x  

Proof: Suppose there exists a positive integer K such that
0

0 and min .k i i
i N

w w w
 

   Then, from equation (13) we have  

1 1
N

k k k k k k kL w E w F w G w   
     

   

   

2 2 2

1 1 1 12

2 2 2 2 2 2

1 12 2

2

2

1
(2 ) 2 ( ) ( )

12 12 2

(2 ) (2 )
12 12 12 12

1
(

2 6

k k k k
k k k k k k k k k k k k

k k k k k k k k
k k i k k k k k

k k k

p
p q w w w p A w w p B w

hh

p p
p q w w p q w w

h h

h
p p p q

h

    

         



   

 

  
           

  

      
             

      

    
2

1 12

2 2

2 2

) ( ) 2
12

126

k
k k k k k i i

i i
k i i i k

ph
p q p q w w

p qh h
p p q q w
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For sufficiently small h  and for suitable value of ,kp we obtain 0.N
kL w   Since,  0kw  (by the assumption) and 0.k kB p  But, this is a 

contradiction. Hence 0 for all [ ,1 0 ].ii xw 
 

 

Theorem 2: The finite difference operator NL  in equation (13) is stable for ( ) ( ) 0,a x b x  if 
iw is any mesh function, then 

0
(0,1)

max , max ,
i

i i
x

w K w Lw


 
  

 
 for some constant 1.K   

 
Proof: We define two functions,

(0,1)
max (0) , max .i i

x
K w Lw w 



 
  

 
. Then, similar to Theorem 1, we get (0) 0   and 

0
(0,1)

max , max 0,i i i
x

L Kq w Lw Lw 



 
   

   

since 0 ( ) 0i ia b q x     and 1.K   Therefore, by  Lemma 2 we get, 0,i   for all (0,1).ix 

 
0

(0,1)
max , max 0.

i

i i i
x

C w Lw w 



 
    

   

Thus, 0
(0,1)

max , max
i

i i
x

w C w Lw


 
  

 
 

This proves the stability of the scheme for the case of layer behavior. 

 

Case 2: Oscillatory behavior (i.e. ( )  ( ) 0,a x b x  for (0,1).x Thus ( ) 0,q x   since 2 0)    

The continuous maximum principle and stability of the solution of equation (4) and (5) are presented as follows for the case of oscillatory 

behavior. 

Lemma3: If (0) 0y   and ( ) 0,Ly x   for all (0,1),x  then the solution ( ) 0y x   for all [0,1]x  for equations (4) and (5). 

Proof: Suppose (0,1),t such that 
(0,1)

( ) max ( )
x

y t y x


  and ( ) 0.y t  Since {0,1}t   and is a point of maxima, therefore ( ) 0y t    and ( ) 0.y t   

Therefore, we have  

2( ) ( ) ( ) ( ) ( ) ( ) 0,Ly t y t p t y t q t y t       since ( ) 0y t   (by assumption) and ( ) 0.q t   But this is a contradiction. Hence, ( ) 0y x   for 

[0,1].x
 

Theorem 3: If the solution of the problem in equations (4) and (5) satisfies 

(0,1)
( ) max (0) , max ( )

x
y x K y Ly x



 
  

   
for some constant 1.k   

Proof: The proof is analogous to Theorem 1. Hence, the stability of the solutions of the problem in equations (4) and (5) is proved for the case 

of oscillatory behavior. Now, we present the stability of the discrete problem in equation (13) for the case of oscillatory behavior.  

Lemma 4: The finite difference operator NL in equation (13) satisfies the discrete maximum principle, if iw is any mesh function such that 

0 0w   and 0,N
iL w   for all (0,1),ix   then 0 iw  for all [0,1].x  

Proof: Suppose there exists a positive integer k such that
0

0 and max .k i i
i N

w w w
 

   Then, from equation (13) we have  

1 1
N

k k k k k k kL w E w F w G w   
 

   

   

2 2 2

1 1 1 12

2 2 2 2 2 2

1 12 2

2

2

1
(2 ) 2 ( ) ( )

12 12 2

(2 ) (2 )
12 12 12 12

1
(

2 6

k k k k
k k k k k k k k k k k k

k k k k k k k k
k k i k k k k k

k k k

p
p q w w w p A w w p B w

hh

p p
p q w w p q w w

h h

h
p p p q

h

    

         



   

 

  
           

  

      
             

      

    
2

1 12

2 2

2 2

) ( ) 2
12

126

k
k k k k k i i

i i
k i i i k

ph
p q p q w w

p qh h
p p q q w



 

 

   
              

   
            

 

For sufficiently small h  and for suitable value of ,kp we obtain 0.N
kL w   Since,  0kw  (by the assumption) and 0.k kB p  But, this is a 

contradiction. Hence 0 for all (0,1).i iw x 
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Theorem 4: The finite difference operator NL  in equation (13) is stable for ( ) ( ) 0,  (i.e. ( ) 0),a x b x q x   if 
iw is any mesh function, then 

0
(0,1)

max , max ,
i

i i
x

w K w Lw


 
  

 
 for some constant 1.K   

Proof: The proof is similar to Theorem 2. This proves the scheme for the case of oscillatory behavior.
 

Definition (Uniform Convergence): Let y  be a solution of equations (1) and (2). Consider a difference scheme for solving equations (1) and 

(2). If the scheme has a numerical solution Ny  that satisfies ,N py y Ch  where 0C   and 0p   are independent of   and of mesh 

size ,h  then we say the scheme uniformly convergent to  y  with respect to the norm . .
[14]

 

Lemma 5: The bound for derivative of the solution ( )y x  of the problem (1)-(3) when 1 (0,1)x   is given by  

( ) 2

( ) 2

( ) 1 exp ,   0 4,   1,2,..., 1.

(1 )
( ) 1 exp ,   0 4,   1,2,..., 1.

jk k

jk k

x
y x C k j N

x
y x C k j N















   
              


   
          

   

 

Proof: For the proof refer 
[15]

 

For any mesh function ,iz  define the
 
following difference operators 

                            

01 1 1 1 1 1
2

2
,   ,   ,   ,

2

i i i i i i i i i
i i i i

z z z z z z z z z
D z D z D z D D z

h h h h

            
   

                                      
(14)

 

Theorem 5: Let ( )iy x and iy be respectively the analytical solution of equations (4) and (5) and numerical solutions of equation (13). Then for 

sufficiently large ,N the following parameter uniform error estimate holds: 

                                                                                            

* 4

0 1

sup ( )i iy x y C N




 

 
                                                                                                       

(15)
 

Proof: Let us consider the local truncation error defined as 

                   

2 2 4 2 2
2 0

2 4 2
( ( ) ) ( ) ( ) ( ) ( )

12 6

N
i i i i i

d h d d h d
L y x y D D y x p x D y x

dxdx dx dx
    

   
         

   
   

                            (16) 

where 
1 1

2 2

2 2 2

6 (0) (0)
( ) coth (0) coth (0)

2 2(12 (0)) 2

p p N N
p p

p

 
   

 

    
             

 since 
1

2
.

N






  In our assumption 2 1.h N    

By considering N is fixed and taking the limit for 2 0,   we obtain the following 

1 1
2 1

20 0
lim ( ) lim (0) coth (0)

2 2

N N
p p CN

 
  



 


 

 
  

 
 

 

From Taylor series expansion, the bound for the difference becomes 

42
3

2 4

3
0 2

3

( ( ))
( )

( ( ))
( )

i
i

i
i

d y xd
D D y x CN

dx dx

d y xd
D y x CN

dx dx

  



  
   
   


  

   
 

 

where 
0( , )

( ( )) ( )
sup ,  3,4.

i N

k k
i i

k k
x x x

d y x d y x
k

dx dx

 
  

 
 

 

Now using the bounds and the assumption 2 1,N   equation (16) reduces to 

  

2 2 2
(4) (2)2 2 0

2

2 2 2
(4) (2)2 2 0

2

( ( ) ) ( ) ( ) ( ) ( ) ( )
12 6

                        ( ) ( ) ( ) ( ) ( )
12 6

        

N
i i i i ii i

i i ii i

d h d h
L y x y D D y x y p x D y x y

dxdx

d h d h
D D y x y p x D y x y

dxdx

     

     

 

 

   
             

   
            

4 3 2
3 2 2

4 3 2

( ( )) ( ( )) ( ( ))
                 i i id y x d y x d y x

CN CN CN
dx dx dx

    

                      

(17)

 

Here, the target is to show the scheme convergence independent on the number of mesh points. 
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By using the bounds for the derivatives of the right layer solution in Lemma 5, we obtain 

4 3 2
3 2 2

4 3 2

3 8 2 6

2 2

2 4

( ( )) ( ( )) ( ( ))
( ( ) )

(1 ) (1 )
                        1 exp 1 exp

                        1 e

N i i i
i i

j j

d y x d y x d y x
L y x y CN CN CN

dx dx dx

x x
CN CN

CN

 
 

 



  

   

 

   

         
               

      

 
2

4 8 8 6 4

2

(1 )
xp

(1 )
                        1 exp ,   since  

j

j

x

x
CN






   



    

   
    

  

   
       

  

                                                       

(18) 

Lemma 6: For a fixed mesh and for 2 0,   it holds 

                                                          
2

2

21 10

(1 )
exp

 lim max 0,   1,2,3,...

j

mj N

x

m






  

  
 
                                                                                                 (19) 

Proof: Refer from 
[16]

  

By using Lemma 6 into equation (18), results to 

                                                                                            

4( ( ) )h
i iL y x y CN                                                                                                                 (20) 

Hence, by discrete maximum principle, we obtain 

                                                                                             
4( )i iy x y CN                                                                                                                 (21) 

Thus, result of equation (21) shows equation (15). Hence the proof. 

Remark: A similar analysis for convergence may be carried out for the left layer case. 

 

4. Numerical Examples and Results  

To demonstrate the applicability of the method, we implemented the method on four numerical examples, two with twin boundary layers and 

two with oscillatory behavior. Since those examples have no exact solution, the numerical solutions are computed using double mesh 

principle. The maximum absolute errors are computed using double mesh principle given by 

 

                                                            

/2max ,  1,2,..., 1h h
h i i

i
Z y y i N   

                                                                                                                   
(22) 

where h
iy  is the numerical solution on the mesh  

1

N
ix  at the nodal point ix  and 0 ,   1,2,..., 1ix x ih i N     and /2h

iy  is the numerical 

solution on a mesh, obtained by bisecting the original mesh  with N  number of intervals.
[9]

 

Example 1: Consider the singularly perturbed delay reaction-diffusion equation with layer behavior,  

2 ( ) 2 ( ) ( ) 1y x y x y x       

under the interval and boundary conditions 

( ) 1, 0, (1) 0y x x y      

The maximum absolute errors are presented in Tables 1 and 2 for different values of   and . The graph of the computed solution for 

0.01  and different values of  is also given in the Fig. 1. 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1. The maximum absolute errors of Example 1, for different values of   with 0.1.   

δ ↓ N = 100 N = 200 N = 300 N = 400 N = 500 

Present Method 
    

0.03 5.4036e-07 3.3830e-08 6.6845e-09 2.1156e-09 8.6674e-10 
0.05 2.1884e-07 1.3703e-08 2.7080e-09 8.5688e-10 3.5100e-10 
0.09 1.6321e-06 1.0240e-07 2.0186e-08 6.3913e-09 2.6166e-09 

Method in [12] 
    

0.03 3.3211e-06 2.0765e-07 4.1021e-08 1.2982e-08 5.3183e-09 
0.05 3.3265e-06 2.0860e-07 4.1236e-08 1.3045e-08 5.3441e-09 
0.09 3.9208e-06 2.4744e-07 4.8834e-08 1.5467e-08 6.3334e-09 

Method in [5] 
    

0.03 3.2676e-03 1.6475e-03 1.1015e-03 8.2735e-04 6.6245e-04 
0.05 3.2657e-03 1.6526e-03 1.1062e-03 8.3136e-04 6.6593e-04 
0.09 3.5460e-03 1.7987e-03 1.2051e-03 9.0609e-04 7.2594e-04 
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Example 2: Consider the singularly perturbed delay reaction-diffusion equation with layer behavior,  

2 ( ) 0.25 ( ) ( ) 1y x y x y x       

under the interval and boundary conditions 

( ) 1, 0, (1) 0y x x y      

The maximum absolute errors are presented in Tables 3 and 4 for different values of   and . The graph of the computed solution for 

0.01  and different values of  is also given in the Fig. 2. 

 

Table 3. The maximum absolute errors of Example 2, for different values of   with 0.1.   

δ ↓ N = 100 N = 200 N = 300 N = 400 N = 500 

Present Method 
    

0.03 9.7795e-08 6.1136e-09 1.2077e-09 3.8212e-10 1.5652e-10 
0.05 9.8920e-08 6.1882e-09 1.2224e-09 3.8679e-10 1.5844e-10 
0.09 9.9722e-08 6.2342e-09 1.2315e-09 3.8969e-10 1.5962e-10 

Method in [12] 
    

0.03 4.2909e-07 2.6820e-08 5.2979e-09 1.6763e-09 6.8659e-10 
0.05 4.4265e-07 2.7686e-08 5.4687e-09 1.7304e-09 7.0877e-10 
0.09 4.7354e-07 2.9598e-08 5.8468e-09 1.8501e-09 7.5778e-10 

Method in [5] 
    

0.03 2.1226e-03 1.0639e-03 7.0985e-04 5.3259e-04 4.2617e-04 
0.05 2.1099e-03 1.0574e-03 7.0543e-04 5.2928e-04 4.2351e-04 
0.09 2.0816e-03 1.0426e-03 6.9547e-04 5.2178e-04 4.1750e-04 

 

Table 4. The maximum absolute errors of Example 2, for different values of   with  0.03.   

ε ↓ N = 100 N = 200 N = 300 N = 400 N = 500 

Present Method 
    

12
 1.4036e-10 8.7691e-12 1.7249e-12 5.4062e-13 1.9877e-13 

22  3.0052e-09 1.8783e-10 3.7101e-11 1.1698e-11 4.8391e-12 
32

 4.0374e-08 2.5238e-09 4.9861e-10 1.5775e-10 6.4608e-11 
42  6.4568e-07 4.0384e-08 7.9815e-09 2.5256e-09 1.0345e-09 
52

 1.0399e-05 6.5163e-07 1.2878e-07 4.0766e-08 1.6703e-08 

Method in[12] 
    

12
 6.8226e-10 3.8033e-11 7.5153e-12 2.3742e-12 9.5853e-13 

22
 1.3051e-08 8.1568e-10 1.6112e-10 5.0953e-11 2.0934e-11 

32
 1.7639e-07 1.1025e-08 2.1780e-09 6.8914e-10 2.8226e-10 

42  2.8836e-06 1.8027e-07 3.5626e-08 1.1273e-08 4.6172e-09 

52
 5.0014e-05 3.1282e-06 6.1801e-07 1.9561e-07 8.0141e-08 

Method in[5] 
    

12
 5.0597e-04 2.5321e-04 1.6886e-04 1.2667e-04 1.0134e-04 

Table 2. The maximum absolute errors of Example 1, for different values of   with  0.03.   
ε ↓ N = 100 N = 200 N = 300 N = 400 N = 500 

Present Method 
    

12  1.4376e-09 8.9855e-11 1.7756e-11 5.6259e-12 2.2786e-12 
22  2.0175e-08 1.2614e-09 2.4919e-10 7.8851e-11 3.2296e-11 
32  2.6054e-07 1.6306e-08 3.2231e-09 1.0199e-09 4.1772e-10 
42  1.4351e-06 8.9975e-08 1.7805e-08 5.6356e-09 2.3084e-09 
52  2.2448e-04 1.3296e-05 2.5999e-06 8.1969e-07 3.3519e-09 

Method in[12] 
    

12  6.2873e-09 3.9296e-10 7.7611e-11 2.4565e-11 1.0067e-11 
22  9.1057e-08 5.6925e-09 1.1245e-09 3.5581e-10 1.4575e-10 
32

 1.3770e-06 8.6125e-08 1.7022e-08 5.3861e-09 2.2060e-09 
42  2.1676e-05 1.3569e-06 2.6910e-07 8.5189e-08 3.4888e-08 
52  4.2477e-04 2.6670e-05 5.2734e-06 1.6692e-06 6.8381e-07 

Method in[5] 
    

12  9.2363e-04 4.6407e-04 3.0991e-04 2.3263e-04 1.8619e-04 
22  1.6390e-03 8.2516e-04 5.5141e-04 4.1404e-04 3.3146e-04 
32  2.7044e-03 1.3653e-03 9.1315e-04 6.8602e-04 5.4937e-04 
42

 4.1751e-03 2.1168e-03 1.4178e-03 1.0658e-03 8.5380e-04 
52  6.2518e-03 3.1866e-03 2.1382e-03 1.6088e-03 1.2895e-03 
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22  9.6556e-04 4.8357e-04 3.2250e-04 2.4194e-04 1.9357e-04 
32

 1.7698e-03 8.8657e-04 5.9149e-04 4.4377e-04 3.5508e-04 
42  3.0307e-03 1.5201e-03 1.0145e-03 7.6132e-04 6.0926e-04 
52

 4.7379e-03 2.3810e-03 1.5901e-03 1.1937e-03 9.5544e-04 

 

 

Example 3: Consider the singularly perturbed delay reaction-diffusion equation with oscillatory behavior, 

 

2 ( ) 0.25 ( ) ( ) 1y x y x y x       

under the interval and boundary conditions 

 

( ) 1, 0, (1) 0y x x y      

The maximum absolute errors are presented in Table 5 for different values of  .  The graph of the computed solution for 0.003  and 

different values of  is also given in the Fig. 5. 

 

Table 5. The maximum absolute errors of Example 3, for different values of   with 0.1.   
δ ↓ N = 100 N = 200 N = 300 N = 400 N = 500 

Present Method 
    

0.03 2.5455e-06 1.5921e-07 3.1447e-08 9.9499e-09 4.0754e-09 
0.05 2.5297e-06 1.5805e-07 3.1219e-08 9.8790e-09 4.0466e-09 
0.09 2.5301e-06 1.5813e-07 3.1244e-08 9.8831e-09 4.0487e-09 

Method in[12] 
    

0.03 1.0936e-05 6.8420e-07 1.3515e-07 4.2761e-08 1.7516e-08 
0.05 1.0707e-05 6.6910e-07 1.3217e-07 4.1826e-08 1.7132e-08 
0.09 1.0117e-05 6.3260e-07 1.2499e-07 3.9546e-08 1.6197e-08 

Method in[5] 
    

0.03 2.4582e-03 1.2196e-03 8.1096e-04 6.0742e-04 4.8554e-04 
0.05 2.5127e-03 1.2472e-03 8.2948e-04 6.2134e-04 4.9669e-04 
0.09 2.6198e-03 1.3016e-03 8.6589e-04 6.4872e-04 5.1863e-04 

 

Example 4: Consider the singularly perturbed delay reaction-diffusion equation with oscillatory behavior, 

2 ( ) ( ) 2 ( ) 1y x y x y x       

under the interval and boundary conditions 

( ) 1, 0, (1) 0y x x y      

The maximum absolute errors are presented in Table 6 for different values of . The graph of the computed solution for 0.003  and 

different values of  is also given in the Fig 6. 

 

Table 6. The maximum absolute errors of Example 4, for different values of   with 0.1.   

δ ↓ N = 100 N = 200 N = 300 N = 400 N = 500 

Present Method 
    

0.03 2.3125e-05 1.4440e-06 2.8519e-07 9.0243e-08 3.6967e-08 
0.05 4.1761e-05 2.6084e-06 5.1553e-07 1.6312e-07 6.6808e-08 
0.09 8.6141e-04 5.3757e-05 1.0616e-05 3.3585e-06 1.3756e-06 

Method in[12] 
    

0.03 9.5107e-05 5.9430e-06 1.1739e-06 3.7154e-07 1.5220e-07 
0.05 1.6132e-04 1.0082e-05 1.9930e-06 6.3066e-07 2.5831e-07 
0.09 3.7561e-03 2.3545e-04 4.6501e-05 1.4716e-05 6.0275e-06 

Method in[5] 
    

0.03 1.8682e-02 9.0640e-03 5.9795e-03 4.4608e-03 3.5572e-03 
0.05 1.4987e-02 7.2328e-03 4.7631e-03 3.5505e-03 2.8299e-03 
0.09 2.1346e-02 1.0306e-02 6.7863e-03 5.0577e-03 4.0307e-03 

 

The Rate of Convergence ( ( ) ): In the same way in equation (14) one can define /2hz  by replacing h  by / 2h  and 1N   by 2 1,N   that is 

/2 /4
/2 max ,h h

h i i
i

z y y   for 1,2,...,2 1.i N   

The computational Rate of convergence r  is also obtained by using double mesh principle defined as [9]. 

 /2log( ) log( )

log 2

h hz z
r




 

The following table (Table 7) shows the rate of convergence r  of the present method for different values of the mesh size .h  
Table 7. Rate of convergence r  for 0.1   and 0.05.    
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Fig. 1. The numerical solution of Example 1with 0.01   and N=100.        
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Fig. 2. The numerical solution of Example 2 with 0.01   and N=100. 
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delta=0.03

delta=0.05

delta=0.09

h  / 2h  hZ  / 4h  /2hZ  r  

Example 1  
1/100 1/200 2.1884e-07 1/400 1.3703e-08 3.9973 
1/200 1/400 1.3703e-08 1/800 8.5688e-10 3.9993 
1/300 1/600 2.7080e-09 1/1200 1.6930e-10 3.9996 

Example 2     
1/100 1/200 9.8920e-08 1/400 6.1882e-09 3.9987 
1/200 1/400 6.1882e-09 1/800 3.8679e-10 3.9999 
1/300 1/600 1.2224e-09 1/1200 7.6362e-11 4.0007 

Example 3     
1/100 1/200 2.5297e-06 1/400 1.5805e-07 4.0005 
1/200 1/400 1.5805e-07 1/800 9.8790e-09 3.9999 
1/300 1/600 3.1219e-08 1/1200 1.9515e-09 3.9998 

Example 4   
1/100 1/200 4.1761e-05 1/400 2.6084e-06 4.0009 
1/200 1/400 2.6084e-06 1/800 1.6312e-07 3.9992 
1/300 1/600 5.1553e-07 1/1200 3.2217e-08 4.0002 

 

 

The Effect of Delay Term on the Solution Profile  

To analyze the effect of the delay term on the solution profile of the problem, the numerical solution of the problem for different values of the 

delay parameters have been given by the following graphs. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 3. The point-wise absolute errors of Example 1 for different 

values of mesh size 5,  =2h   and 0.5  .                                                
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Fig. 4. The point-wise absolute errors of Example 2 for different  

values of  mesh size 5,  =2h   and 0.5  .                                  
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5. Results and Discussions 

 Fourth order fitted operator numerical method for solving singularly perturbed reaction-diffusion with delay has been presented. To 

demonstrate the efficiency of the method, four model examples without exact solutions have been considered for different values of the 

perturbation parameter  and delay parameter  and also results are presented in the Tables and Figures. It is observed that from the tables 

the present method approximate the solution and the stability and convergence of the method is established well. The effect of the delay on 

the solution of singularly perturbed delay reaction-diffusion equation is showed by plotting graphs of four model examples. Two model 

examples of with twin layers behavior and two model examples of with oscillatory layers have been considered and solved for different values 

of perturbation parameter , delay parameter  and mesh size .h  The numerical solutions are tabulated (Tables 1 to 6) in terms of maximum 

absolute errors and observed that the present method improves the findings of 
[5]

 and 
[12]

. Also, it is significant that all of the maximum 

absolute errors decrease rapidly as N increases.  The results presented in Table 7 confirmed that computational rate of convergence as well as 

the theoretical estimate indicates that the method is a fourth order convergent. 

Further, to investigate the effect of delay on the solution of the problem, numerical solutions have been presented using graphs. 

Accordingly, when the order of the coefficient of the delay term is of (1),o  the delay affects the boundary layer solution but maintains the 

layer behavior (Fig. 1). When the delay parameter is of ( ),O   the solution maintains layer behavior although the coefficient of the delay term 

in the equation of (1)O  and the delay increases, the thickness of the left boundary layer decreases while that of the right boundary layer 

increases (Fig. 2). For the oscillatory behavior case, one can conclude that the solution oscillates throughout the domain for different values of 

delay parameter   (Fig. 4 and 5). In a concise manner, the present method gives more accurate solution and is uniformly convergent for 

solving singularly perturbed delay reaction-diffusion equations with twin layer and oscillatory behavior. Also it can see that as mesh size h  

decrease the absolute errors also decrease from (Fig. 3, 4, 7, 8).  
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Fig. 7. The point-wise absolute errors of Example 3 for different 

values of mesh size 5,  =2h   and 0.5  .                                  
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Fig. 8. The point-wise absolute errors of Example 4 for different values 

of mesh size 5,  =2h   and 0.5  .        
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