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1. Introduction

In  mathematical finance generally, the application of Partial
Differential Equation (PDE) cannot be over-emphasized due to its
numerous uses in the society. For instance, Partial Differential
Equations (PDEs) are used in modeling to analyze some dynamic
systems in the areas such as physics, biology, and economics and
finance etc. the Linear PDEs make up a large class of PDEs which is of
a succinctly simple structure such that a thorough analysis is
possible.m Hence, the dynamics of changing process can be modeled
into ordinary differential equation or partial differential equation,
depending on the nature of the problems, these equations may take
various forms like ordinary differential equations, where partial
differential equation (PDE) is an equation involving a function of
several variables and at least, one of its partial derivatives and
sometimes a combination of interacting equations of ordinary and
partial differential equation. If some randomness is allowed into
stochastic differential equation (SDE) for example; environmental
effects are allowed into some of the coefficients of a differential
equation, a more realistic mathematical model of the problem or
situation can be obtained.”?

However, mathematicians are given all serious attention to
solution which has topological and analytical basis; such solutions

exist and are not difficult to obtain. Hence, a sobolev space belongs
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to these families with redefinition of differentiability; and gives weak
formulations to obtain weak solutions.

Nevertheless, good numbers of scholars have used PDEs in
different approaches such as;

Mohammed E.R. et aI.,[3] considered systems of nonlinear PDEs
using Adomian and modified decomposition method. In another
dimension Nwobi F.N.! studied the symmetry analysis of partial
differential equation of hyperbolic type and result show the lie
algebra is of {sl(2,R)®w;}@;0A; with 12 optimal systems.
Company R. et al,® employed the semi-discretization technique to
deal with the issues arising as a result of a nonlinear case of interest
modeling option pricing with transaction costs. Rao 5.C.5.° also
applied numerical scheme to the generalized Black-Scholes partial
differential equation for European call option. The outcome showed
that the second order accuracy in time and third order accuracy in
space were obtained.

Denny D." studied the existences of unique solution of an elliptic
PDE. Result showed that the key proofs lies in obtaining a priori

I.,[8] considered the existence of solution for

estimates. Panda A. et a
a PDE involving a singularity with a general non negative radon
measure as its nonhomogeneous terms. Canino A. et aI.,[9] have
considered quasilinear elliptic equation involving the p-laplacian and
singular nonlinearities; they deduced a few comparison principles
and have proved some unique results. In another dimension, DiPerna

R.J. et aI.,[m] obtained some new existence, uniqueness and stability
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results for ODEs with coefficients Sobolev spaces. In their results
linear transport equations were analyzed by the method of
renormalization solutions.

Osu B.O et aI.,[u] Looked at solution to nonlinear Black Scholes
equations. They proved the existence of weak solutions in a bounded
domain and extend the results to the whole domain using a diagonal
process. Osu B.O et aI.,[u] Considered a weak solution of nonlinear
Black Scholes Equation with transaction cost and portfolio risk in
Sobolev space. In their result they obtained a weak solution that is
characterized by Fourier transform. A few noteworthy papers on
different PDEs can be found in references therein.**®

This study is aimed at solving financial partial differential
equation of hyperbolic type in Sobolev spaces on the basis of
obtaining existence and uniqueness of weak solutions which have
not been seen in this dynamic area of mathematical finance. This
paper extends the work of Osu B.O et aI.,[u] by considering stochastic
hyperbolic PDE in such spaces.

The paper is arranged in the following ways: Section 2
mathematical frame work, Section 2.2 presents problem formulation,
the definition, main results of Sobolev spaces are seen in 2.3. This

paper is concluded in section 3.

2. Mathematical Frame work
2.1. Stochastic Processes

Definition 1 Stochastic process: A stochastic process X(t) is a
relation of random variables {X;(y), teT,yeQ}, i.e, for each t in the
index set T, X(t) is a random variable. Now we understand as time ¢t
and call X(t) the state of the procedure at time t. In view of the fact
that a stochastic process is a relation of random variables, its
requirement is similar to that for random vectors.

It can also be seen as a statistical event that evolves time in
accordance to probabilistic laws. Mathematically, a stochastic
process may be defined as a collection of random variables which are
ordered in time and defines at a set of time points which may be
continuous or discrete.

Definition 2: A stochastic process whose finite dimensional
probability distributions are all Gaussian.(Normal distribution). Let

u(s,v,t) = e "E[f (s,v,t) /Sy =S, Vo = V], f € C%c (R, R) (1.1)

Where C2%c represents the function space of twice continuously
differentiable functions with compact support, it C?c (R? R) =
{f € C2c(R%,R) : lim)y /1y, f (x,y) = 0.}

Assuming that P e [—1,1] is the correlation coefficient — oo
between the processes w't and w?t, then the value u(s,v,t) of the
asset discounted at the rate r satisfies the partial differential

equations as follows.™!

u 20%u u 1y, 59%u u V-
at+VS asz+p9VSasav+2VJ av2+ysas+{k[8 Vel

In mathematical finance, for a contingent claim on a single asset,

the generic PDE in the form.1*4

ou a%u ou

E+a(x, t)§+ b(x,t)a+c(x, Hu=0 (1.4)
Where t represents time to maturity, x represents the value of

the underlying asset or some monotonic functions of it (e.g. log (S);

log-spot) ad u is the value of the claim (as a function of x and t). The

terms a(.), b(.) adc(.) and diffusion, convection and reaction

Coefficients respectively .(1.4) can also be written as;

] a a
2+ a e (a0 2) + bl ) - (B, Ow) +c(,Hu=0  (15)
This PDE describes the evolution of the transition density of a
stochastically quantity (e.g. a stock value) which occur in the
Fokkper-Planoke (Kolmogrorov forward) equation. However our
interest in this paper is the hyperbolic financial PDE that satisfies the

following:
2%u
2

1 0%u ou
_+EUUW+K[9_V'*]5_”‘_O

- (1.6)

2.2. Problem Formulation

Given: Uy =U X (0,T)whereT >0 and UCRM is an open
bounded set. Following the initial /boundary-value problem

Uy+L,=finUr
u=oondux|[0,T]
U=g,us=honlU x {t =0}

(1.7)

Where f: Ur—R, g, h:U->R are given, and U:Ur->R is the
unknown u = (x, t).

The symbol L denotes for each time t a second — order partial
differential operator, having either the divergence form.

N N
. 1 .
Lu= Z (v, OYuv) v; + Z (E (wa?)Y (v, t)uri) v (1.8)
ij=1 ij=1
N
+Z K0 — V) (w)uv; — r(vit)uv)u =0
i=1
or else the non-divergence form
. 1 Y
Lu=— Z (v, Y uvu; + Z (E v02> w, uvy; (1.9)
ij=1 ij=1
N

+ > KO -V) (v, thuu; —r(v, t)u
Z t

ij ,
For given coefficient(% vaz) KO -V)L,r(i,j=1,..,N)

2
Definition: The partial differential operator %%—Lis said to be

hyperbolic, if there exists @ constant 8 > o such that

N L.
u 1 Yy
Ms v 0)5 —yu=o,t>0 a2 (gv) 66z ol (1.10)
ij=
u(s,v,t) = f(s,v) (1.3)
forall (v,t) € Uy ,&j € RN
A, 2
/“\ Ariviyal Appl. Res. Front., 2022, 1(3), 1-7.
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ij .
(%vaz) =0, KO—-V)' =r=f=o, then L=-A and uy

wave equation.

2.3. Main Results of Sobolev spaces

Assuming L has U, divergence form (1.8) and look for an appropriate
notion of weak solution for problem (1.7).
Suppose, initially that we have

(%WZ)” KO — VL, ceCl(Up) Gyj = 1, .., N) (1.11)
f € L*(Up), (1.12)
g € HL(U), h € L2(U) (1.13)

ij ij
And always assume GUGZLZ) = Gvaz) i,j=1,..,N)

We introduce bilinear form of time-dependent
N N L.
i, 1 Y
B(u,v,t) := f Z(U, t)Y uvi vj +f Z (E ‘UG’Z) G DU V)
Uij=1 Uij=1
N

+ Z K8 = V) (., Ougpw + v + (., uvd(v, )
i=1
(1.14)
foru,v€ Hi(U)and0 <t <T.

Definition of weak solution: Suppose u = u(v,t) to be a smooth
solution of (1) and we defined the associated mapping as follows:

w: [0,T] » H(U)

By
[u@®)w):=u,t)(veU,o<t<T)
Similarly, we introduce the function
f:[o,T] > L2(U)

Defined by

FOIW) = fw,t),(veU,0<t<T),
U+ Ly, =f

By v and integrate by parts, to obtain the identity below

multiply the PDE

(w*u,v) + B[y, v; t] = (f,v) (1.15)
For0 < t < T, where (,) represents the inner product in L*(U).
We have seen from the PDE Uy + L,, = f such that

N
Up = g° + Zggmj inU (1.16)

i=1

N
forg®=f— Z k(@ —v) Uy, —ruand g'

i=1

N 1 ij
2,(z7) Voo
i=1

(j =1 .., N). This implies looking for a weak solution u with
UTeH'(U)fora.e.0 < t < T, and so reinterpret the first term
of (1.15) as(U',v), (I) representing as usual the pairing
between H(U), is said to be weak solution of the hyperbolic
initial/boundary — value problem

(i) for the fact that (i) (u%, v) + Bu, v, t] = (f,v)

/‘A‘\ Ariviyal
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Foreachv € H{(U) anda.e.timeo <t < T, and
(il u(o) = g,Ul(0) = h

Existence of weak solutions (Galerkin approximation), we shall
construct weak solution of the hyperbolic initial/boundary-value
problem.

Uy +Lu=finUr
U=o0ondux][0,T]
u=g,u =honUXx{t=o}

In solving first, a finite dimensional approximate. We adopt the
method of Galerkin’s in selecting smooth functions W, = W (v) (17)
(k =1, ...) such that

{wk}%_; is an orthonormal basis of H.(U) (1.18)
{wk}%-; is an orthonormal basis of L%(U) (1.19)
Fixing a position integer M, we write
m
Un(0):= ) di(OW, (1.20)
k=1

Where we select the coefficient d,(t)(0 <t < T,k =1, ...,m)

To satisfy df, (0) = (g, wi)(k = 1,...,m); (1.21)

dk (o) = (hwe)(k =1, ...,m); (1.22)
And
UL, w) + BlUp, Wis t] = (t,wi)(0 <t < T,k =1, ...,m). (1.23)

Theorem 1 (construction of approximate solutions). For each
interiorm = 1,2, ..., this exists a unique function U,, of the form
(1.19) satisfying (1.20) (1.23).

Proof suppose U, to the given by (1.19), we notice using (1.18).

UL (wk = dk (t) (1.24)
We have
Bl wii ] = ) e¥ (dh(®)

i=1

For eM(t):= Blw;,wy; t](k,i,..,m), we also write f*(t):=
(f(@),w,)(k =1,..,m). Consequently (16) becomes the linear
system of ODE

as" () + ) M (Odhn(® = F£©
i=1
O0<t<Tk=1l..mN

With the following initial condition (14), (15). According to ‘standard
theory for ODEs, there exists a unique C?function d,,(t) =
(d},(t), ..., dR(t), satistying (1.20), (1.21) and solving (18) for
0<t<T.

Appl. Res. Front., 2022, 1(3), 1-7. 3
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2.4. Energy Estimates

Here, we plan to send m — oo and needs some estimates uniform in
m.

Theorem 2 (Energy estimates). There exists a constant C, depending
only on U, T and coefficients of L, such that

Max (|lum()[|Hg(w) + [[upn (OIIL? (UYL |UR[IL*{0, T; H™ (V)

< C(IIfIL*(oT; L*T(w)) + l|glIH(U) + [|RIIL*(U)) (1.26)
Form=1,2
Proof

Multiply equality (16) by dk,(t),sumk =1,.
discover the following

,m and recall (13) to

(uih, us) + Blum, s €] = (k) (1.27)

Fora.e.0 < t < T. Notice that (u}l, uin)% (é b 12 L2 (w))

Then write as follows:

N
Blum, uly; t] = (v, )% uv,t); ub,(v,t); d(v, t) (1.28)
L2

ii

+f i (%vaz) ]um(v, t)uk, (v, t)jd(v; t)
Uij=1

N
+f z k(0 — v uy, (v, ik, + ru,ul,d(v, t)
ui=1
= Bl + BZ
1 ij 1 g,
Since (Evaz) = (Evaz) (i,j=1,..,N)
we see

d
b=

N ij

f Z ~v62) Uy, Oun(v,6);dw,t)

i=1

N
+J Z k(8 — v)iupy (v, ul, + rupul,d(w, t)
Ui=1

NlH

1
( Al U, t]

For the symmetric bilinear form
N 1 y
Alu,v,t] == f Z (EVUZ) u(w, D, 0);dw, (v e Hy(U))  (1.30)
w =1
The equality (1.29) implies
d (1
By > dt( Al i €] = C(numnsz(u))
B2l < C(llwmlI” Hy 1) + [ 12L7 ()

Combining the estimates (1.27) — (1.31) gives

Ll PPLED) + Alttyy, e, 1] < Clluthyl - PLE () +

We write

() = [ (ON?L* (W) + Al (£, unco); t] (1.34)
And

EO: IFONIPL2 W) (1.35)
Then inequality (1.32)

n'() < em(®) + GE(8)

for o <t < T and appropriate constant, Cy, C,,

The grownwall’s inequality yield the following estimate

n'(6) < etn(0) + ¢, [, (§(s)ds) (0 < t < T) (1.36)

Moreso, 71(0) = [luz (0)112L*(w) + A[Up (0),un (0), 0]
< CURIPL2 ) + NlglI2Hs (w) )

Following (1.20) and (1.21) we have the estimate

[t O |HE () < || g||HE (). Thus formula (1.34) — (1.36)
Provided the bound

luim ONPL? W) + Alum (£), um (£); €]

< C(llgli*Ha ) + IRI2L2 (@) + IIf 220, T; L2(U))

Since 0 < t < T was arbitrary, we see from this estimate and (1.33)
that

0 1% T(Ilum(t)IIZHé(u) + lum (D121 (W)

< (Ilgll?Hs () + IRIIPL*(w) + [IfII2L* (0, T;L*(U))
= For any veHL (w), ||v||HE (u) < 1, and write v = v? + v?

Where vt span {wk}i-, and (v?,wk) =0 (k = 1,...,m).
Note||v'||H: (1) < 1. Then (1.19) and (1.23) imply

(uih, v) = (Ui, v) = (i, v = (f, ") = Blug, v'5 8],

Thus
(i, v)] < CAUIFIL? (W) + [lum [|H (w))

Since |[v*||H} (1) < 1. Consequently

T T
f | uilI?H~* (wdt < Cf IRIZL2 () + llumlI?H (w)dt
u o

Alttn, s ] + [1F1°L2 ) (25)
<C 2hl R|IPL2(w)(6,T; L>(U
Where we used the inequality < CAlgl™Ho () + [RIFL () (6, T; L2(U))
2.5. Existence and uniqueness
2 < . i
0 fulDul d(v,t) < Afw,v;t), (u € Ho(U) (1.33) We pass limits in our Galerkin appropriations
Theorem (Existence of weak solution). There exists a weak solution
Which follows from the uniform hyperbolicity condition. of (1.7).
/‘/\‘\ Ariviyal Appl. Res. Front., 2022, 1(3), 1-7. 4
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Proof: From (1.26) of energy estimates, we see that the sequence
(U2, is bounded in L2(0,T; Hi(w), {ut}nqis bounded in
L2(0,T; L*(w) and {u%},2, is bounded in L2(0,T; H™(u).
As a consequence there exists a subsequence {u,,}i; C
{un}_, and uel?(0,T; H}(w), with u'e

L?(0,T; L*(w)),u'el?, T; H-X(U)
Such that

Uy = u weakly in L2(0,T; L?(u))
ul, = ut weakly in L*(0, T; L (w))
ull, = u¥ weakly in L?>(0,T; H"*(u))

(1.37)

Next fix an interior N and choose a function vec'([0, T]; H{ (u) of
the form

N
U(T = Z dkth>
K=1

Where {d¥}¥_, and smooth function. We select m = N, multiply
(1.23) by d*(t), sumk =1, ...,
to discover.

T
f(u , V) + Bluy, v; t]dt—f (f,v)dt

We set m = mi and recall (1.37), to find in it unit that

(1.38)

N and the integrate with respect to t,

1 T

[ o + Bluviclde = | (7L)de (139)
o o

We set m = ml and recall (1.37), to find in the limit that
1 T

f (um, v) + Blu, v; t]dt = f (t,v)dt (1.40)

o o

This equality then holds for all functions v € L2(0,T; H}(u), since
functions of the form (1.38) are dense in this space. From (1.40) it
follows further that

(u,v) + Blu,v; t] = (f,v)
For all veH}(u) and a.e. 0 < t < T. Furthermore, ueC([0, T]; L*(u))
and UeC([0,T]j H1(u))

We verify
u(0) =g (1.41)
ul(0) =h (1.42)

We choose any function say veC%([0,T]; Hi(w)), withv(T) =
vY(T) = 0. Then integrating by parts twice w.r.t. t in (33) gives;

T
f (v, w) + Blu,v; t]dt
o

—(um(0),v*(0) + (U3, (0),v(0))
Setting m = ml and recall (14), (15) and (30) to deduce

T T
f (", w) + Blu,v; tldt = f (f,v)dt — (g,v’(O) + (h,v(O))) (1.44)

Comparing identities (1.43) and (1.44). We can conclude that (1.41),
(1.42), since v(0), v*(0) and arbitrary. Hence u is a weak solution of
(1.7).

Theorem 4 (uniqueness of weak solution). A weak situation of 1
unique Proof.
It is enough to show that the only weak solution of (1) with

f=g=0is
(1.45)

To verify this, fix 0 < s < T and set

v(t) := {fsu(t)dt ifo<t<s
) ifs<t<T,

Then v(t)eH}(u) foreach0 <t < T and so
f (u®,v)dt + Blu,v;tldt = 0
o

Since u'(0) = v(s) = 0. We obtain after integrating by parts in the
first form above.

fs(ul,vl) + Blu,v; t]dt =0 (1.46)

Now v = —u(0 < t < s) and so
N
f (u*,v) + B[v',v; t]dt = 0
o
Thus:

f;t( 1) = 5 Blv,viclae) + fSC[u.v;tH[u,v;t]dt

o
Where

N
. 1
Clu,v; t] f Z k@ —v)'v(w, t);u+ Ek(e —vt); (v, t);uvd(v, t)
i=1
And

D[u,v; t] f Z(v )iju (W, t); Vo, T Z( vo ) W, t);v(v,t)

j=1

+ Z k(6 — vt);, tu(s, v)iv + rtuvd (v, t)
ii-1
For u, v eHL(u) Hence

SIROIPL) + 3 B0, v(0): 0] = — [ Cluviel + Dl i,

And consequently
lu(sIIPL* (W) + [lv(0)|1*Hg (w)

T
= fo (f, v)dt — (u(0),v*(0)) + (u*(0),v(0)) <c <f5||v||2 HY@ + lullPL?w)dt + ||v(o)||2L2(u)> (1.47)
Similarly from (32) we deduce _a
We write:
t

T T . .
f o 4 Bl ol = f . 43 w(t) = fo u(t)de (o <t <T);

o o (1.47) now becomes

/‘/\‘\ ArIVIyal Appl. Res. Front., 2022, 1(3), 1-7. >
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luIIPL2wW) + llw()I12Hs (W)
<C <f llw(®) = w(s) I?Hs (W) + llu(®)[I*L? (w)dt

+ IIW(S)IIZLZ(H)) (1.48)
But [[w(t) = w(S)I?Ho(w) < 2|lw(®)[I?Hs () + 2[lw(s)]1*H (w)
and [[w()IL2w) < J; Ilu(®)l L2 (w)de

(1.48) implies
lu)IPL* W) + (1 = 2,C)Iw(s)|1*Hg (w) < C1f llws||>Hg (W) +

llull?L? (w)dt
We choose T, so small that

1
1-2T¢ ==
1 1—2
Thenif 0 < s < T; we have

lu@IPL2@) + Iw()II*Hs < CfSIIHIIZLZ(u) + [lwl|?Hg (w)dt

o

The integral form of grownwall’s inequality, implies u = 0 on [0, T].
We apply the same argument on the intervals [Ty, 2Ty, 3T;] etc
eventually to deduce (1.45).

2.6. Regularity

In order to study the smoothness of our weak solution we will be
motivated on the formal derivation of estimates.
(i) Suppose for the moment u = (v,t) is a smooth solution of this
initial — value problem for the wave equation:

Up —Au=finRN x (0,T)

u—g,u; =honRN x{t =0}

And assume also u goes to zero as /v/— oo sufficiently rapidly to
justify the following calculation. We have

%(IRN/DU,/Z‘}‘ UZd(v, t)) =
2[gn — Dug + ugued(v, t)
=2 v — ue(ue — Aw)d (v, £) = 2f v —u fd(v, )
< [pUEd@,t) + [puf2d(v,t)
Applying Gronwall’s inequality, we deduce

T
sup [ onlIDUIE + Ugd(Vyt) < C f f o f?
u<st<T o

dvdt + [ zn|Dgl? + h?d(v,t) (1.49)

With the constant C depending only on T.

ii) We differentiate the PDE w.r.t and set i := ut. Then
Ty — Al = fin RN x (0,T)
{ﬁ—g,ﬁt =hon RN x {T = 0}
for f:fu,g hh:=u.(,0) = f(.,0)+ 4g. Applying estimate
(1.49) u, we discover

sup
u<st<

T
<C (f JpnfEdw, t) + [@nlD?gl? + IDhlz)
t

Tf]RNlDutlz + uttzd(v, t)

maxg<rer || £ DI RY) < C (||f||L2(1RN x (0,7)) +

I£NL2(RY x (0,T))) (152)
According to theorem 2,

Writing —4u = f — uy,

Deduce that

(JanID?ul?d(v,6)) < Cf guf2 + uped(v, )

Foreach0 <t<T
Combining (1.51) — (1.53) we can conclude that

sup  |D%ul|? + |Dug|? + ugld(v, t)
T

usts

T
< C(f Jpnf? + f2dvdt + [onD?g1? + |Dh|2dv>
t

The constant C depending only on T.

This estimates supports that bounds similar to (1.49) and (1.54)
should be valid for our weak solution of a stochastic 2" order
hyperbolic PDE.

We calculate using the Galerkin approximation. To simplify the
presentation, we however assume that {wk};_, is the complete
collection of open functions for -A on H}(u), and also that U is
bounded open with dU smooth. In addition, Suppose

ij .
The coefficients Gvoz) k(@ — v)'r(i,j =1,..,N) are smooth

i and to not depend on t.

3. Conclusions

The analysis of stochastic hyperbolic PDE in Sobolev spaces has been
perfectly demonstrated; showing the existence, uniqueness and
smoothness of weak solution and other estimates that follow
uniform hyperbolicity condition of the problem. Hence, the result of
energy estimates revealed that sequences exists and is well bounded
in the space. Finally we shall be looking at the financial implications
of these PDEs in the next study.
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